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OBJECTIVES
Description of the structure of nuclei as self-bound
quantum many-body systems using realistic 2- and
3-body forces between protons and neutrons
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• Ground state (gs) and excitation energies
• Radii and electromagnetic moments

NUCLEAR INTERACTION
Chiral Effective Field Theory (χEFT) up to
next-to-next-to-leading order (N2LO) Chiral expansion of nuclear forces
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

26 rubin | frühjahr 12

�).�!,3%1.!3)5%1�� 2823%-!3)2#(%1� 4!
'!.'�)23�-<',)#(��6%..�-!.�$!2��!4-�
 %)3��/.3).44-�$41#(�%).�%.$,)#(%2��)3!
3%1�$!123%,,3���)%�-<',)#(%.��/2)3)/.%.�
$%1��4!1+2�6%1$%.�$!"%)�$41#(�%).%�%.$!
,)#(%��.9!(,�5/.��4.+3%.�).�%).%-��)33%1�
"#$%&%&'&()*+,&-&*.,//&$0#$123,&$2(%*,-/*
%).�'%%)'.%3%1��42'!.'204.+3�&=1�.4-%!
1)2#(%��)-4,!3)/.%.�5/.�(!$1/.)2#(%.�
%!
/"!#(34.'2'1<:%.�$41#(�%).%�23!3)23)2#(%�
�;(%14.'���)%�6)1$�).2"%2/.$%1%�&=1�$)%�

%23)--4.'�$%1�23!3)2#(%.��)'%.2#(!&!
3%.�5/.��!$1/.%.�5/.��14.$�!4&��/(.%�
�%16%.$4.'�%70%1)-%.3%,,%1��!3%.��$�(��
!"�).)3)/���6)%�%36!�)(1%1��!22%.��%1&/,'!
$&,45*6(%&76(8/)*
�!�$%1�.4-%1)2#(%��4&6!.$�2/,#(%1��)!

-4,!3)/.%.�2%(1�2#(.%,,�-)3�$%1��1<:%�$%2�
�)33%12�6;#(23��2).$�$)%��.6%.$4.'%.�$%1!
9%)3�-%)23%.2�!4&�$)%��)'%.2#(!&3%.�%).9%,!
.%1��!$1/.%.�"%2#(1;.+3���).%.�!,3%1.!!
3)5%.�4.$�+/-0,%-%.3;1%.� 4'!.'�")%!
3%.�%A%+3)5%��%,$3(%/1)%.��������"%)�$%.%.�
-!.�$!2��1/",%-�$!$41#(�5%1%).&!#(3��$!22�
16(*,$$&3&"6(/&*95:(#1&(&*,%(#$,&$/*2(8*
$!"%)�).��!4&�.)--3��$!22�2)#(�$)%��=,3)'!
+%)3�$%1�
%1%#(.4.'�!4&�%).%.�+,%).%.�
%!
1%)#(�"%2#(1;.+3���)%�$!1!42�1%24,3)%1%.$%��
%A%+3)5%�
%2#(1%)"4.'�)23�.41�).�%).%-�"%!
23)--3%.��.%1')%��"96���"23!.$2"%1%)#(�
5/.��4!1+2�4.$��,4/.%.�'=,3)'��

�)%2%1��14.$'%$!.+%�)23�%).�6/(,"%!
+!..3%2��1).9)0�).�$%1��(82)+	��/�23%,,3�"%)!
20)%,26%)2%�$)%�!42�$%1��#(4,%�"%+!..3%��/1!
-%,�&=1�$)%��.9)%(4.'2+1!&3�4.2%1%1��1$%��
��
�-�'��%).%��;(%14.'�$%2��%63/.2#(%.�
�1!5)3!3)/.2'%2%39%2�$!1���)%�'),3�.41�&=1��"!
23;.$%�96)2#(%.�%).%-��<10%1�4.$�$%1��1$!
/"%1C;#(%��$)%�)-��%1',%)#(�94-��1$1!$)!
42�+,%).�2).$���)%�!,,'%-%).'=,3)'%��/1-%,�
$%2��1!5)3!3)/.2'%2%39%2�)23�+/-0,)9)%13%1�
�)%�+!..�-!.�$)%2%��$%%.�!4&�(!$1/!

.)2#(%��823%-%�!.6%.$%.���%1�%.32#(%)!
$%.$%��20%+3�,)%'3�).�$%1��!32!#(%��$!22�$)%�
�8.!-)+�5/.��!$1/.%.��9�
��"%)-� 42!-!
-%.31%A%.�5/.�96%)��1/3/.%.�-)3�.)%$!
1)'%1��.%1')%��.)#(3�4.-)33%,"!1�5/.��/1!
';.'%.�!"(;.'3��$)%�)-��..%1%.�$%2��1/!
3/.2�96)2#(%.��4!1+2�4.$��,4/.%.�!",!4!
&%.���)%�
%2#(1%)"4.'�2/,#(%1��823%-%�)23�
$!(%1�5)%,�%B9)%.3%1��4.$�%).&!#(%1��-<'!
,)#(��6%..�-!.��!$1/.%.�!,2��!.9%2�"%!
31!#(3%3�4.$�.)#(3�!,2�942!--%.'%2%393%�
�"*%+3%�-)3�%).%1�+/-0,)9)%13%.��314+341��
�<,,)'�!.!,/'�,;223�2)#(�"%)20)%,26%)2%�).�
$%1�-/$%1.%.��4!.3%.#(%-)%�$)%��314+!
341�5/.��3/-%.�4.$��/,%+=,%.�2%(1�01;9)!
2%�"%23)--%.��/(.%�$!&=1��.&/1-!3)/.%.�
="%1�$%.��4&"!4�$%2��%1.2�/$%1�$%2��4!
+,%/.2�5%16%.$%.�94�-=22%.��
�)%� 5%1%).&!#(3%� 
%2#(1%)"4.'� $%1�

�4!.3%.#(1/-/$8.!-)+�"%)�.)%$1)'%.�

�""���	��)%��%#(2%,6)1+4.'�96)2#(%.�$%.��4+,%/.%.��!,2�$41#('%(%.$%1��31)#(�$!1'%23%,,3��6)1$�)-��%2%.3!
,)#(%.�$41#(�$)%��1;&3%�96)2#(%.�96%)��%),#(%.�"%23)--3���)%�+<..%.�+,%).%��%)#(6%)3%.�(!"%.��!,2��4.+3�
$!1'%23%,,3��/$%1�,!.'1%)#(6%)3)'�2%).��'%231)#(%,3%��).)%.�
��)/.%.!423!42#(��

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-Kraft

26 rubin | frühjahr 12

�).�!,3%1.!3)5%1�� 2823%-!3)2#(%1� 4!
'!.'�)23�-<',)#(��6%..�-!.�$!2��!4-�
 %)3��/.3).44-�$41#(�%).�%.$,)#(%2��)3!
3%1�$!123%,,3���)%�-<',)#(%.��/2)3)/.%.�
$%1��4!1+2�6%1$%.�$!"%)�$41#(�%).%�%.$!
,)#(%��.9!(,�5/.��4.+3%.�).�%).%-��)33%1�
"#$%&%&'&()*+,&-&*.,//&$0#$123,&$2(%*,-/*
%).�'%%)'.%3%1��42'!.'204.+3�&=1�.4-%!
1)2#(%��)-4,!3)/.%.�5/.�(!$1/.)2#(%.�
%!
/"!#(34.'2'1<:%.�$41#(�%).%�23!3)23)2#(%�
�;(%14.'���)%�6)1$�).2"%2/.$%1%�&=1�$)%�

%23)--4.'�$%1�23!3)2#(%.��)'%.2#(!&!
3%.�5/.��!$1/.%.�5/.��14.$�!4&��/(.%�
�%16%.$4.'�%70%1)-%.3%,,%1��!3%.��$�(��
!"�).)3)/���6)%�%36!�)(1%1��!22%.��%1&/,'!
$&,45*6(%&76(8/)*
�!�$%1�.4-%1)2#(%��4&6!.$�2/,#(%1��)!

-4,!3)/.%.�2%(1�2#(.%,,�-)3�$%1��1<:%�$%2�
�)33%12�6;#(23��2).$�$)%��.6%.$4.'%.�$%1!
9%)3�-%)23%.2�!4&�$)%��)'%.2#(!&3%.�%).9%,!
.%1��!$1/.%.�"%2#(1;.+3���).%.�!,3%1.!!
3)5%.�4.$�+/-0,%-%.3;1%.� 4'!.'�")%!
3%.�%A%+3)5%��%,$3(%/1)%.��������"%)�$%.%.�
-!.�$!2��1/",%-�$!$41#(�5%1%).&!#(3��$!22�
16(*,$$&3&"6(/&*95:(#1&(&*,%(#$,&$/*2(8*
$!"%)�).��!4&�.)--3��$!22�2)#(�$)%��=,3)'!
+%)3�$%1�
%1%#(.4.'�!4&�%).%.�+,%).%.�
%!
1%)#(�"%2#(1;.+3���)%�$!1!42�1%24,3)%1%.$%��
%A%+3)5%�
%2#(1%)"4.'�)23�.41�).�%).%-�"%!
23)--3%.��.%1')%��"96���"23!.$2"%1%)#(�
5/.��4!1+2�4.$��,4/.%.�'=,3)'��

�)%2%1��14.$'%$!.+%�)23�%).�6/(,"%!
+!..3%2��1).9)0�).�$%1��(82)+	��/�23%,,3�"%)!
20)%,26%)2%�$)%�!42�$%1��#(4,%�"%+!..3%��/1!
-%,�&=1�$)%��.9)%(4.'2+1!&3�4.2%1%1��1$%��
��
�-�'��%).%��;(%14.'�$%2��%63/.2#(%.�
�1!5)3!3)/.2'%2%39%2�$!1���)%�'),3�.41�&=1��"!
23;.$%�96)2#(%.�%).%-��<10%1�4.$�$%1��1$!
/"%1C;#(%��$)%�)-��%1',%)#(�94-��1$1!$)!
42�+,%).�2).$���)%�!,,'%-%).'=,3)'%��/1-%,�
$%2��1!5)3!3)/.2'%2%39%2�)23�+/-0,)9)%13%1�
�)%�+!..�-!.�$)%2%��$%%.�!4&�(!$1/!

.)2#(%��823%-%�!.6%.$%.���%1�%.32#(%)!
$%.$%��20%+3�,)%'3�).�$%1��!32!#(%��$!22�$)%�
�8.!-)+�5/.��!$1/.%.��9�
��"%)-� 42!-!
-%.31%A%.�5/.�96%)��1/3/.%.�-)3�.)%$!
1)'%1��.%1')%��.)#(3�4.-)33%,"!1�5/.��/1!
';.'%.�!"(;.'3��$)%�)-��..%1%.�$%2��1/!
3/.2�96)2#(%.��4!1+2�4.$��,4/.%.�!",!4!
&%.���)%�
%2#(1%)"4.'�2/,#(%1��823%-%�)23�
$!(%1�5)%,�%B9)%.3%1��4.$�%).&!#(%1��-<'!
,)#(��6%..�-!.��!$1/.%.�!,2��!.9%2�"%!
31!#(3%3�4.$�.)#(3�!,2�942!--%.'%2%393%�
�"*%+3%�-)3�%).%1�+/-0,)9)%13%.��314+341��
�<,,)'�!.!,/'�,;223�2)#(�"%)20)%,26%)2%�).�
$%1�-/$%1.%.��4!.3%.#(%-)%�$)%��314+!
341�5/.��3/-%.�4.$��/,%+=,%.�2%(1�01;9)!
2%�"%23)--%.��/(.%�$!&=1��.&/1-!3)/.%.�
="%1�$%.��4&"!4�$%2��%1.2�/$%1�$%2��4!
+,%/.2�5%16%.$%.�94�-=22%.��
�)%� 5%1%).&!#(3%� 
%2#(1%)"4.'� $%1�

�4!.3%.#(1/-/$8.!-)+�"%)�.)%$1)'%.�

�""���	��)%��%#(2%,6)1+4.'�96)2#(%.�$%.��4+,%/.%.��!,2�$41#('%(%.$%1��31)#(�$!1'%23%,,3��6)1$�)-��%2%.3!
,)#(%.�$41#(�$)%��1;&3%�96)2#(%.�96%)��%),#(%.�"%23)--3���)%�+<..%.�+,%).%��%)#(6%)3%.�(!"%.��!,2��4.+3�
$!1'%23%,,3��/$%1�,!.'1%)#(6%)3)'�2%).��'%231)#(%,3%��).)%.�
��)/.%.!423!42#(��

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-Kraft

26 rubin | frühjahr 12

�).�!,3%1.!3)5%1�� 2823%-!3)2#(%1� 4!
'!.'�)23�-<',)#(��6%..�-!.�$!2��!4-�
 %)3��/.3).44-�$41#(�%).�%.$,)#(%2��)3!
3%1�$!123%,,3���)%�-<',)#(%.��/2)3)/.%.�
$%1��4!1+2�6%1$%.�$!"%)�$41#(�%).%�%.$!
,)#(%��.9!(,�5/.��4.+3%.�).�%).%-��)33%1�
"#$%&%&'&()*+,&-&*.,//&$0#$123,&$2(%*,-/*
%).�'%%)'.%3%1��42'!.'204.+3�&=1�.4-%!
1)2#(%��)-4,!3)/.%.�5/.�(!$1/.)2#(%.�
%!
/"!#(34.'2'1<:%.�$41#(�%).%�23!3)23)2#(%�
�;(%14.'���)%�6)1$�).2"%2/.$%1%�&=1�$)%�

%23)--4.'�$%1�23!3)2#(%.��)'%.2#(!&!
3%.�5/.��!$1/.%.�5/.��14.$�!4&��/(.%�
�%16%.$4.'�%70%1)-%.3%,,%1��!3%.��$�(��
!"�).)3)/���6)%�%36!�)(1%1��!22%.��%1&/,'!
$&,45*6(%&76(8/)*
�!�$%1�.4-%1)2#(%��4&6!.$�2/,#(%1��)!

-4,!3)/.%.�2%(1�2#(.%,,�-)3�$%1��1<:%�$%2�
�)33%12�6;#(23��2).$�$)%��.6%.$4.'%.�$%1!
9%)3�-%)23%.2�!4&�$)%��)'%.2#(!&3%.�%).9%,!
.%1��!$1/.%.�"%2#(1;.+3���).%.�!,3%1.!!
3)5%.�4.$�+/-0,%-%.3;1%.� 4'!.'�")%!
3%.�%A%+3)5%��%,$3(%/1)%.��������"%)�$%.%.�
-!.�$!2��1/",%-�$!$41#(�5%1%).&!#(3��$!22�
16(*,$$&3&"6(/&*95:(#1&(&*,%(#$,&$/*2(8*
$!"%)�).��!4&�.)--3��$!22�2)#(�$)%��=,3)'!
+%)3�$%1�
%1%#(.4.'�!4&�%).%.�+,%).%.�
%!
1%)#(�"%2#(1;.+3���)%�$!1!42�1%24,3)%1%.$%��
%A%+3)5%�
%2#(1%)"4.'�)23�.41�).�%).%-�"%!
23)--3%.��.%1')%��"96���"23!.$2"%1%)#(�
5/.��4!1+2�4.$��,4/.%.�'=,3)'��

�)%2%1��14.$'%$!.+%�)23�%).�6/(,"%!
+!..3%2��1).9)0�).�$%1��(82)+	��/�23%,,3�"%)!
20)%,26%)2%�$)%�!42�$%1��#(4,%�"%+!..3%��/1!
-%,�&=1�$)%��.9)%(4.'2+1!&3�4.2%1%1��1$%��
��
�-�'��%).%��;(%14.'�$%2��%63/.2#(%.�
�1!5)3!3)/.2'%2%39%2�$!1���)%�'),3�.41�&=1��"!
23;.$%�96)2#(%.�%).%-��<10%1�4.$�$%1��1$!
/"%1C;#(%��$)%�)-��%1',%)#(�94-��1$1!$)!
42�+,%).�2).$���)%�!,,'%-%).'=,3)'%��/1-%,�
$%2��1!5)3!3)/.2'%2%39%2�)23�+/-0,)9)%13%1�
�)%�+!..�-!.�$)%2%��$%%.�!4&�(!$1/!

.)2#(%��823%-%�!.6%.$%.���%1�%.32#(%)!
$%.$%��20%+3�,)%'3�).�$%1��!32!#(%��$!22�$)%�
�8.!-)+�5/.��!$1/.%.��9�
��"%)-� 42!-!
-%.31%A%.�5/.�96%)��1/3/.%.�-)3�.)%$!
1)'%1��.%1')%��.)#(3�4.-)33%,"!1�5/.��/1!
';.'%.�!"(;.'3��$)%�)-��..%1%.�$%2��1/!
3/.2�96)2#(%.��4!1+2�4.$��,4/.%.�!",!4!
&%.���)%�
%2#(1%)"4.'�2/,#(%1��823%-%�)23�
$!(%1�5)%,�%B9)%.3%1��4.$�%).&!#(%1��-<'!
,)#(��6%..�-!.��!$1/.%.�!,2��!.9%2�"%!
31!#(3%3�4.$�.)#(3�!,2�942!--%.'%2%393%�
�"*%+3%�-)3�%).%1�+/-0,)9)%13%.��314+341��
�<,,)'�!.!,/'�,;223�2)#(�"%)20)%,26%)2%�).�
$%1�-/$%1.%.��4!.3%.#(%-)%�$)%��314+!
341�5/.��3/-%.�4.$��/,%+=,%.�2%(1�01;9)!
2%�"%23)--%.��/(.%�$!&=1��.&/1-!3)/.%.�
="%1�$%.��4&"!4�$%2��%1.2�/$%1�$%2��4!
+,%/.2�5%16%.$%.�94�-=22%.��
�)%� 5%1%).&!#(3%� 
%2#(1%)"4.'� $%1�

�4!.3%.#(1/-/$8.!-)+�"%)�.)%$1)'%.�

�""���	��)%��%#(2%,6)1+4.'�96)2#(%.�$%.��4+,%/.%.��!,2�$41#('%(%.$%1��31)#(�$!1'%23%,,3��6)1$�)-��%2%.3!
,)#(%.�$41#(�$)%��1;&3%�96)2#(%.�96%)��%),#(%.�"%23)--3���)%�+<..%.�+,%).%��%)#(6%)3%.�(!"%.��!,2��4.+3�
$!1'%23%,,3��/$%1�,!.'1%)#(6%)3)'�2%).��'%231)#(%,3%��).)%.�
��)/.%.!423!42#(��

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-Kraft

N4LO (Q5)

• Low-energy constants (LECs) for 2-body
potential fitted to NN scattering data [1]
• Two additional LECs for 3-body force

fitted to A = 3 system [2]

Phenomenogical 2-body potential: Daejon16

• Based on chiral EFT potential at N3LO
• Off-shell behavior fitted to 10 energy levels

from A = 4 to A = 16 [3]

NO-CORE CI
Solve eigenvalue problem for wave function Ψ

ĤΨ(r1, . . . , rA) = λΨ(r1, . . . , rA)

by expanding the A-body wave function Ψ in
Slater Determinants of single-particle HO states φ

Ψ(r1, . . . , rA) =
∑

ciΦi(r1, . . . , rA)

Φi(r1, . . . , rA) =
1√
(A!)

∣∣∣∣∣∣∣
φi1(r1) . . . φiA(r1)

...
. . .

...
φi1(rA) . . . φiA(rA)

∣∣∣∣∣∣∣
• Truncate on total number of HO excitations,

such that Center-of-Mass motion factorizes
• Calculate physical observables 〈Ψf |Ô|Ψi〉
• Increase basis until observables converge

RESULTS FOR ENERGY LEVELS [4]
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• Energies extrapolated to complete basis
(see poster by J.P. Vary using ANN for extrapolation)

• χEFT: gs energies within chiral truncation
error estimate (grey bands) through A = 12,
but 16O is significantly overbound [2]

• Daejon16: good agreement for gs energies
through A = 14, but 16O slightly overbound

• Excitation energies:
difference of extrapolated energies

• Natural parity spectra in agreement with
experiment up to at least A = 12

• Unnatural parity states too high with χEFT,
but well-described by Daejon16
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MAGNETIC MOMENTS [1]
Results with LO, NLO, and N2LO potentials using
LO M1 operator, with chiral truncation estimates
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• Without χEFT corrections to M1 operator,
nearly converged in chiral expansion

• No such corrections up to N2LO for isospin
T=0 states 6Li and 10B, which agree with data

• Discrepancy with data for T > 0 states
consistent with estimates of meson-exchange
contributions to M1 operator at N2LO

CONCLUSIONS
• Good description of more than 70 states,

excluding isobaric analog states
• Agreement with data improves noticably

when select many-body input is used
in determining the nuclear interaction

• χEFT potential fitted to A = 2 and 3 only
agreement with data decreases for A ≥ 12

• Daejon16 fitted to 10 energy levels in p-shell
gives better agreement above A = 12
and for unnatural parity states

WORK IN PROGRESS
• Improved, higher-order χEFT interactions
• Consistent electroweak operators
• Electroweak transitions,

including (neutrinoless) double-β decay
• Heavier nuclei using effective Shell Model

interactions based on NCCI calculations for
A = 17 and 18 nuclei

COMPUTATIONAL CHALLENGES

Eigenvalue problem for
large sparse matrix.
Convergence of energies,
radii, moments, decays,
etc, require dimensions
well over 1010. 0 2 4 6 8 10 12 14 16 18
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ITERATIVE SOLVER [5]
Locally Optimized Block Preconditioned Conju-
gate Gradient (LOBPCG): SpMV acting on block
of vectors, which improves cache performance,
allows for vectorization, and needs significantly
less iterations compared to Lanczos algorithm
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= 12

• SpMV most time-
consuming kernel
• Memory bound
• Use only half of

symmetric matrix
for both SpMV
and SpMVT

DISTRIBUTED SPMV/SPMM [6]
• Compressed Sparse Row works okay for

SpMV (left), but inefficient for SpMVT (right)
in hybrid MPI/OpenMP applications

• Compressed Sparse Block improves data
locality, and allows for efficient OpenMP
parallelization of both SpMV and SpMVT
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Fig. 5: Optimization
benefits on Edison us-
ing the Nm6 matrix
for SpMM (top) and
SpMMT (bottom) as
a function of m (the
number of vectors).

the benefit of CSB variants’ blocking on cache locality is
manifested. The CSB/OpenMP version delivers notice-
ably better performance than the CSB/Cilk implemen-
tation. This may be due in part to performance issues
associated with Cray’s cluster compatibility mode, but
most likely due to additional parallelization overheads of
the Cilk version that uses temporary vectors to introduce
parallelism at the block row and block computation
levels. This additional level of parallelism is eliminated
in CSB/OpenMP by noting that the work associated with
each nonzero is significantly increased as m increases,
and we leverage the large dimensionality of input vec-
tors for load balancing among threads. Ultimately, we
observe that CSB/OpenMP’s performance saturates at
around 65 GFlop/s for m > 16. This represents a roughly
45% increase in performance over CSR, and 20% increase
over CSB/Cilk.

CSB truly shines when performing SpMMT . The abil-
ity to efficiently thread the computation coupled with
improvements in locality allows CSB/OpenMP to re-
alize a 35% speedup for SpMV over CSR and nearly
a 4× improvement in SpMM for m ≥ 16. The row
partitioning scheme has only a minor benefit and only
at very large m. Moreover, CSB ensures SpMM and
SpMMT performance are now comparable (67 GFlop/s
vs 62 GFlop/s with OpenMP) — a clear requirement as
both computations are required for MFDn.

As an important note, we point out that the increase
in arithmetic intensity introduced by SpMM allows for
more than 5× increase in performance over SpMV.
This should be an inspiration to explore algorithms
that transform numerical methods from being memory
bandwidth-bound (SpMV) to compute-bound (SpMM).

5.2.2 Tuning for the Optimal Value of β

As discussed previously, we wish to maintain a working
set for the X and Y blocks of vectors as close to the
processor as possible in the memory hierarchy. Each β×β
block demands a working set of size βm in the L2 for
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Fig. 6: Performance
benefit on the
combined SpMM
and SpMMT

operation from
tuning the value
of β for the Nm8
matrix.

X and Y . Thus, as m increases, we are motivated to
decrease β. Fig. 6 plots performance of the combined
SpMM and SpMMT operation using CSB/OpenMP on
the Nm8 matrix as a function of m for varying β.
For small m, there is either sufficient cache capacity to
maintain locality on the block of vectors, or the other per-
formance bottlenecks are pronounced enough to mask
any capacity misses. However, for large m (we show
up to m = 96 for illustrative purposes), we clearly see
that progressively smaller β are the superior choice as
they ensure a constrained resource (e.g., L3 bandwidth)
is not flooded with cache capacity miss traffic. Still,
note in Fig. 6 that no matter what β value is used, the
maximum performance obtained for m > 48 is lower
than the peak of 45 Gflops/s achieved for lower values
of m. This suggests that for large values of m, it may be
better to perform the SpMM and SpMMT computations
as batches of tasks with narrow vector blocks. In the
following sections, we always use the best value of β
for a given value of m.

5.2.3 Speedup for Combined SpMM/SpMMT Operation
Our ultimate goal is to include the LOBPCG algorithm
as an alternative eigensolver in MFDn. As discussed
earlier, the computation of both SpMM and SpMMT is
needed for this purpose. We are therefore interested in
the performance benefit for the larger (and presumably
more challenging) MFDn matrices. Fig. 7 presents the
combined performance of SpMM and SpMMT as a
function of m for our three test matrices. Clearly, the
CSB variants deliver extremely good performance for the
combined operation with the CSB/OpenMP delivering
the best performance. We observe that as one increases
the number of vectors m, performance increases to a
point at which it saturates. A naive understanding of
locality would suggest that regardless of matrix size, the
ultimate SpMM performance should be the same. How-
ever, as one moves to the larger and sparser matrices,
performance saturates at lower values. Understanding
these effects and providing possible remedies requires
introspection using our performance model.

5.2.4 Performance Analysis
Given the complex memory hierarchies of varying ca-
pacities and bandwidths in highly parallel processors,
the ultimate bottlenecks to performance can be extremely
non-intuitive and require performance modeling. In
Fig. 7, we provide three Roofline performance bounds
based on DRAM, L3, and L2 data movements and
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the benefit of CSB variants’ blocking on cache locality is
manifested. The CSB/OpenMP version delivers notice-
ably better performance than the CSB/Cilk implemen-
tation. This may be due in part to performance issues
associated with Cray’s cluster compatibility mode, but
most likely due to additional parallelization overheads of
the Cilk version that uses temporary vectors to introduce
parallelism at the block row and block computation
levels. This additional level of parallelism is eliminated
in CSB/OpenMP by noting that the work associated with
each nonzero is significantly increased as m increases,
and we leverage the large dimensionality of input vec-
tors for load balancing among threads. Ultimately, we
observe that CSB/OpenMP’s performance saturates at
around 65 GFlop/s for m > 16. This represents a roughly
45% increase in performance over CSR, and 20% increase
over CSB/Cilk.

CSB truly shines when performing SpMMT . The abil-
ity to efficiently thread the computation coupled with
improvements in locality allows CSB/OpenMP to re-
alize a 35% speedup for SpMV over CSR and nearly
a 4× improvement in SpMM for m ≥ 16. The row
partitioning scheme has only a minor benefit and only
at very large m. Moreover, CSB ensures SpMM and
SpMMT performance are now comparable (67 GFlop/s
vs 62 GFlop/s with OpenMP) — a clear requirement as
both computations are required for MFDn.

As an important note, we point out that the increase
in arithmetic intensity introduced by SpMM allows for
more than 5× increase in performance over SpMV.
This should be an inspiration to explore algorithms
that transform numerical methods from being memory
bandwidth-bound (SpMV) to compute-bound (SpMM).

5.2.2 Tuning for the Optimal Value of β

As discussed previously, we wish to maintain a working
set for the X and Y blocks of vectors as close to the
processor as possible in the memory hierarchy. Each β×β
block demands a working set of size βm in the L2 for
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X and Y . Thus, as m increases, we are motivated to
decrease β. Fig. 6 plots performance of the combined
SpMM and SpMMT operation using CSB/OpenMP on
the Nm8 matrix as a function of m for varying β.
For small m, there is either sufficient cache capacity to
maintain locality on the block of vectors, or the other per-
formance bottlenecks are pronounced enough to mask
any capacity misses. However, for large m (we show
up to m = 96 for illustrative purposes), we clearly see
that progressively smaller β are the superior choice as
they ensure a constrained resource (e.g., L3 bandwidth)
is not flooded with cache capacity miss traffic. Still,
note in Fig. 6 that no matter what β value is used, the
maximum performance obtained for m > 48 is lower
than the peak of 45 Gflops/s achieved for lower values
of m. This suggests that for large values of m, it may be
better to perform the SpMM and SpMMT computations
as batches of tasks with narrow vector blocks. In the
following sections, we always use the best value of β
for a given value of m.

5.2.3 Speedup for Combined SpMM/SpMMT Operation
Our ultimate goal is to include the LOBPCG algorithm
as an alternative eigensolver in MFDn. As discussed
earlier, the computation of both SpMM and SpMMT is
needed for this purpose. We are therefore interested in
the performance benefit for the larger (and presumably
more challenging) MFDn matrices. Fig. 7 presents the
combined performance of SpMM and SpMMT as a
function of m for our three test matrices. Clearly, the
CSB variants deliver extremely good performance for the
combined operation with the CSB/OpenMP delivering
the best performance. We observe that as one increases
the number of vectors m, performance increases to a
point at which it saturates. A naive understanding of
locality would suggest that regardless of matrix size, the
ultimate SpMM performance should be the same. How-
ever, as one moves to the larger and sparser matrices,
performance saturates at lower values. Understanding
these effects and providing possible remedies requires
introspection using our performance model.

5.2.4 Performance Analysis
Given the complex memory hierarchies of varying ca-
pacities and bandwidths in highly parallel processors,
the ultimate bottlenecks to performance can be extremely
non-intuitive and require performance modeling. In
Fig. 7, we provide three Roofline performance bounds
based on DRAM, L3, and L2 data movements and
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