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Correlated electron systems
•Strong electron-electron interactions
• Electrons behave collectively and produce nearly 

degenerate emergent phases

•Unconventional superconductors
• Cuprates, iron-based superconductors, …
• Magnetism, superconductivity, nematicity, charge order, 

…

• Pairing mechanism?

•Quantum spin liquids
• Geometrically frustrated magnetic interactions

• Honeycomb iridium oxides, ruthenium based materials
• Stability of spin liquid ground states?

From Keimer et al., Nature ‘15
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α-RuCl3 is a leading candidate material for the observation of physics related to the Kitaev quantum spin
liquid (QSL). By combined susceptibility, specific-heat, and nuclear-magnetic-resonance measurements,
we demonstrate that α-RuCl3 undergoes a quantum phase transition to a QSL in a magnetic field of 7.5 T
applied in the ab plane. We show further that this high-field QSL phase has gapless spin excitations over a
field range up to 16 T. This highly unconventional result, unknown in either Heisenberg or Kitaev magnets,
offers insight essential to establishing the physics of α-RuCl3.

DOI: 10.1103/PhysRevLett.119.227208

The quantum spin liquid (QSL) is an exotic state of
matter with long-range coherence but with no spontaneous
breaking of translational or spin-rotational symmetry
down to zero temperature [1]. Such a state in two or higher
dimensions has implications for phenomena ranging from
high-temperature superconductivity [2] to quantum com-
putation [3,4]. QSLs have long been sought in systems with
strong geometric frustration [5–8], where magnetic order is
destroyed by quantum fluctuations in a highly degenerate
ground manifold. A more recent avenue to QSL formation
is by competing interactions with combined spin and
spatial anisotropies, as in the Kitaev model, where both
gapped and gapless QSLs are realized exactly in a
honeycomb-lattice spin-1=2 system [9].
A pure Kitaev Hamiltonian is hard to achieve in real

materials. However, the compounds A2IrO3 (A ¼ Na, Li)
[10–15] and α-RuCl3 [16–22] are candidate systems for
significant Kitaev-type interactions. In each case, the 4d
(Ru3þ) or 5d (Ir4þ) ions form a Mott insulator on a
honeycomb lattice, whose localized electrons have an
effective spin jeff ¼ 1=2 due to strong spin-orbit coupling
[10,23–26]. In α-RuCl3 at zero field, a finite-energy
continuum of magnetic excitations [27] is suggestive of
fractionalized (spinon or Majorana-fermion) excitations
[9,28–32]. However, the ground states in all cases have
“zigzag” magnetic order [33–38], indicating the presence
of significant non-Kitaev terms, whose exact nature con-
tinues to occupy many authors [39–48]. While the large TN
in Na2IrO3 [33,34] suggests subdominant Kitaev terms, the
relatively low TN of α-RuCl3 has sparked an intensive
search for experimental [49–51] and theoretical [52,53]
evidence for “proximate Kitaev” behavior.

Here we report a nuclear-magnetic-resonance (NMR)
investigation of high-quality single crystals of α-RuCl3.
With additional magnetic susceptibility and specific-heat
measurements, we establish the phase diagram of Fig. 1.
We demonstrate the presence of a field-induced QSL
beyond the quantum phase transition at μ0Hc ≃ 7.5 T.
In the field range between 7.5 and 16 T, this partially
polarized QSL has a spin-lattice relaxation rate with

FIG. 1. Magnetic phase diagram of α-RuCl3 with field applied
in the ab plane. TN is determined from magnetization and
specific-heat data (Fig. 2). In the QSL phase, the color map
represents the exponent, α, determined from the power-law form
of the NMR spin-lattice relaxation rate, 1=35T1 ∝ Tα (Fig. 4). T#

represents the upper limit of the gapless low-T regime. Inset:
schematic representation of zero-field zigzag order in the hex-
agonal (ab) plane.
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From real materials to reduced models
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Numerical methods

⤻⤻ ⤻⤻

Determinant Quantum Monte Carlo (DQMC)

Density Matrix Renormalization group (DMRG)

Dynamic Cluster Approximation DCA(QMC)

• Cluster embedded in self-consistent host

• Monte Carlo sampling of " = ∫%['∗']*+,[-∗,-]

• Limited by Fermion sign problem (milder)

• Finite size cluster

• Monte Carlo sampling of " = Tr*+1ℋ

• Limited by Fermion sign problem 

• Finite size, quasi-1D system

• Truncates Hilbert space based on density matrix

• Limited by entanglement entropy

Blankenbecler et al., PRD ‘81.

Maier et al., RMP ‘05.

White., PRL ‘92.
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Neural networks to speed up DQMC
DQMC simulations

• Local updates requires updating the Green’s function at a cost 

O(N2) 

• Global updates requires recomputing the Green’s function from 

scratch at a cost O(N3L)

• We trained a fully connected neural network to predict 

acceptance probabilities for local updates and a convolutional 
neural network to predict global updates. The only input to the 

network is the temperature and auxiliary field configurations.

• Many updates can be performed at O(1) cost; the Green’s function 

is recomputed after many cheap updates. 

• We train the network using data from a small 4 x 4 lattice, then use 

the network to sample on a larger system.

Fully connected network for 
local updates
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Neural Network DQMC (NNDQMC) for 2D Holstein model

NNDQMC simulations with local and global 
(uniform) updates of the phonon fields

• All parameters were identical between DQMC 
and NNDQMC simulations such that 
autocorrelation times are comparable

• Obtained identical results for both methods.

• Full DQMC has an effective scaling 
O(N6.8); NNDQMC has an effective scaling 
O(N4.8).

• Our method maintains higher acceptance rates 
compared to the self-learning method 
introduced by C. Chen et al., arXiv:1802.06177.

⟨"⟩ = 1, Ω = (/2, + = (/2
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Finite temperature dynamics of 
interacting quantum models

Thermal pure quantum state -
microcanonical Lanczos method

• Microcanonical Lanczos method (MCLM) is much more 
efficient than finite temperature Lanzcos (FTLM), but 
needs internal energy ⟨ "#⟩ at temperature T.

• We propose to use the thermal pure quantum state (TPQ) 
to obtain ⟨ "#⟩ efficiently, then use MCLM targeting excited 
state | ⟩&' with energy eigenvalue ( = "# .

• TPQ-MCLM is computationally inexpensive and found to 
give practically identical results to much more expensive 
FTLM method. 

• Future: DMRG instead of Lanczos

1D  * = +
, Heisenberg chain

S. Okamoto et al., PRB 83 ‘18
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DCA++ on Summit
Science objective

• Efficient calculations of the 4-point
electron-electron scattering vertex

• Provides deepest insight into
dominant correlations

Optimization of DCA++ for Summit

• GPU support for measurements of 4-point scattering vertex

• Factor 7 on-node performance speedup over previous implementation

• Efficient calculations of the 
electron-electron scattering vertex

• Inherent parallelism in Monte Carlo results in near ideal scaling

On-node performance

Strong scaling
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Pairing in systems with incipient bands: 
A DCA(QMC) study

Electronic structure of weakly doped iron-SC
• 2 or 3 hole-pockets and 2 electron-pockets

Heavily electron doped iron-SC
• AxFe2Se2 (A= K, Rb, Cs; Tc ~ 30 K)

• FeSe monolayer on STO (Tc ~ 60-100 K)

• (Li0.8Fe0.2)OHFeSe (Tc ~ 40 K)

• Hole bands are ~ 50 – 100 meV below Fermi energy

Weak coupling studies of pairing in systems 
with incipient bands

• Chen et al., PRB ‘15, Linscheid et al., PRL’ 16, Mishra, TAM, 
Scalapino, Sci. Rep. ‘16, Leong & Phillips, PRB ‘16

!
Fig.!4!

AxFe2Se2

From Qian et al., PRL ‘11

!
Fig.!3!
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Figure 1 | The electronic structure of FeSe films as a function of thickness. a(i)–(vi), The thickness dependence of the Fermi surface as represented by the
photoemission intensity map at the Fermi energy at 30 K. The intensity was integrated over a window (EF � 10 meV, EF+10 meV). The map is obtained by
mirroring the data around (�⇡ ,0), first with respect to the dashed line p, and then with respect to the dashed line q, as illustrated in a(ii) (the data around
(0,0) was not symmetrized). b,c, The thickness dependence of the band structure around b(i)–(vi) (0,0) (cut1) and (c(i)–(vi)) (�⇡ ,0) (cut2)
respectively. All data are taken at 30 K. d, Temperature dependence of the symmetrized EDC at the Fermi crossing of cut2 for 1 ML FeSe film. e, The
superconducting gap versus temperature in 1 ML FeSe film. The gap is obtained following the standard fitting procedure described in ref. 10. The error bars
are: temperature, from the measurement uncertainty; gap, the standard deviation of the fitting process. f, The LEED patterns for 1 ML and 4 ML FeSe films
respectively. g, The photoemission intensity map around (�⇡ ,0) for 2 ML FeSe integrated over the window (EF �30 meV, EF � 10 meV). h, The lattice
constant a of the top FeSe layer as a function of film thickness, derived on the basis of the photoemission maps in a(i)–(vi). The error bar for a is due to the
uncertainty in determining the Brillouin zone size from features with finite width.
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Figure 2 | Electronic structure evolution during the growth of 1ML FeSe. a–c, The photoemission intensity taken around normal emission for the STO
substrate after degassing at 550 �C for 3 h (a), the STO substrate after 30 min heat treatment at 950 �C under a Se flux (b), and 1 ML FeSe (c),
respectively. Data were taken with 21.2 eV photons from a helium lamp. d–f, The same as for a–c, except the data were taken with 7 eV photons from a
laser. g,h, The comparison of the valence band spectra (g) and the spectra near EF (h) taken with a helium lamp in the above three cases. i, The same as in
h, except the data were taken with a 7 eV laser. The 1 ML FeSe data are scaled by a factor of ten for clarity. j compares the 1 ML FeSe data taken with the
laser and with the helium lamp, after normalization at �0.1 eV. All data were taken at 30 K.

In the photoemission intensity map of the 2ML film (Fig. 1g),
the four strong dots at the ends of the cross are from the surface FeSe
layer, whereas the circular feature is from the interface FeSe layer.

The centre of the circular Fermi surface does notmatch the centre of
the cross-shaped Fermi surface, indicating different Brillouin zone
sizes for the two FeSe layers, and thus different values of the in-plane

NATUREMATERIALS | VOL 12 | JULY 2013 | www.nature.com/naturematerials 635

© 2013 Macmillan Publishers Limited. All rights reserved

FeSe monolayer 

From Tan et al., Nat. Mat.  ‘13
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Bilayer Hubbard model and Fe-based superconductors

U

→ Bonding and anti-bonding bands

TAM & D.J. Scalapino, PRB 83 ‘11
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Bilayer with 2 Fermi pockets

Δ " = Δ$ cos "(Δ " = Δ$ (cos "* − cos ",)
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FIG. 1. (Color online) (a) The bilayer Hubbard lattice with
near-neighbor intralayer t and inter-layer t⊥ hopping parameters and
an on-site U Coulomb interaction. The bonding (kz = 0, solid) and
antibonding (kz = π , dashed) Fermi surfaces for t⊥ = 0.5 (b) and 2.0
(c) at a filling ⟨n⟩ = 0.95. A dx 2− y 2 gap structure is illustrated for
the t⊥/t = 0.5 Fermi surface and an s± gap structure is shown for
t⊥/t = 2.0. Here, red (gray) denotes a positive gap and blue (dark
gray) a negative gap.
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Figure 2 shows plots of χ (π,π,0) and χ − 1(0) vs t⊥ at a
temperature T = 0.4. For the undoped system at T = 0, the
antiferromagnetic (AF) order vanishes for t⊥ ! 2.0 and the
ground state is a disordered valence-bond (VB) phase with a
spin gap.6 Here, for the doped system, one sees that for t⊥ ∼ 2
the near neighbor in plane (π,π,0) response is suppressed,
and as t⊥ increases further, the low-energy interlayer spin
fluctuations become gapped as the interlayer valence-bond

FIG. 2. (Color online) The spin susceptibility χ (π,π,0) and
χ − 1(0) for ⟨n⟩ = 0.95, U = 6, and T = 0.4 are plotted vs t⊥. As
t⊥ exceeds 2, the planar AF response is suppressed and singlet
correlations between sites on opposite sides of the bilayer become
dominant.

singlets form. This crossover is also clearly seen in the behavior
of the inverse spin susceptibility χ − 1(q = 0).

As noted, weak-coupling calculations have found both
dx 2− y 2 (B1g) and s± (A1g) pairing correlations for the Hubbard
bilayer model. Here, in order to probe the superconducting
response, we have used the DCA to calculate the pair-field
susceptibilities

Pα(T ) =
∫ β

0
d τ ⟨&α(τ )&†

α(0)⟩ (6)

associated with each of these symmetries. For the dx 2− y 2 wave
we have taken

&
†
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N

∑

k

(cos kx − cos ky )c†k↑c
†
− k↓ (7)

and for the s± case14

&
†
s± = 1√

N

∑

k

cos kzc
†
k↑c

†
− k↓. (8)

Here, k = (kx ,ky ,kz) with kz = 0 and π . In Fig. 3, results for
these pair-field susceptibilities are shown for different values
of t⊥ versus temperature. For t⊥ = 0.5, one sees in Fig. 3(a)
that the dx 2− y 2 -wave susceptibility is rising the most rapidly
at low temperatures, followed by the s±-wave response. In
Fig. 3(b), for t⊥ = 1.0, they are almost identical. In this case,
it would be interesting to study the possibility of an s + id
state.15 For t⊥ = 2.0 the s± is the leading pair susceptibility.
This result is similar to that found in Ref. 9. The final panel,
Fig. 3(d), shows the pair-field susceptibilities for t⊥ = 3. For
this value of t⊥, the T = 0 undoped system is well into the
spin-gapped VB phase, and one sees that the pair-field response
of the doped system is significantly weakened.

The pairing interaction is given by the irreducible particle-
particle scattering vertex '(K,K ′), which describes the scat-
tering of a singlet pair from the state (K,− K) to (K ′,− K ′) with
K = (K,iωn). Given this vertex and the dressed single-particle

FIG. 3. (Color online) The s±- and d -wave pair-field susceptibil-
ities Pα vs temperature for different values of the interlayer hopping
t⊥. As t⊥ increases, the leading pair-field susceptibility changes from
d wave to s± and at larger values of t⊥ the superconducting pair-field
susceptibility is suppressed as interlayer valence bonds form.
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(c) at a filling ⟨n⟩ = 0.95. A dx 2− y 2 gap structure is illustrated for
the t⊥/t = 0.5 Fermi surface and an s± gap structure is shown for
t⊥/t = 2.0. Here, red (gray) denotes a positive gap and blue (dark
gray) a negative gap.
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response, we have used the DCA to calculate the pair-field
susceptibilities

Pα(T ) =
∫ β

0
d τ ⟨&α(τ )&†

α(0)⟩ (6)

associated with each of these symmetries. For the dx 2− y 2 wave
we have taken

&
†
x 2− y 2 = 1√

N

∑

k

(cos kx − cos ky )c†k↑c
†
− k↓ (7)

and for the s± case14

&
†
s± = 1√

N

∑

k

cos kzc
†
k↑c

†
− k↓. (8)

Here, k = (kx ,ky ,kz) with kz = 0 and π . In Fig. 3, results for
these pair-field susceptibilities are shown for different values
of t⊥ versus temperature. For t⊥ = 0.5, one sees in Fig. 3(a)
that the dx 2− y 2 -wave susceptibility is rising the most rapidly
at low temperatures, followed by the s±-wave response. In
Fig. 3(b), for t⊥ = 1.0, they are almost identical. In this case,
it would be interesting to study the possibility of an s + id
state.15 For t⊥ = 2.0 the s± is the leading pair susceptibility.
This result is similar to that found in Ref. 9. The final panel,
Fig. 3(d), shows the pair-field susceptibilities for t⊥ = 3. For
this value of t⊥, the T = 0 undoped system is well into the
spin-gapped VB phase, and one sees that the pair-field response
of the doped system is significantly weakened.

The pairing interaction is given by the irreducible particle-
particle scattering vertex '(K,K ′), which describes the scat-
tering of a singlet pair from the state (K,− K) to (K ′,− K ′) with
K = (K,iωn). Given this vertex and the dressed single-particle

FIG. 3. (Color online) The s±- and d -wave pair-field susceptibil-
ities Pα vs temperature for different values of the interlayer hopping
t⊥. As t⊥ increases, the leading pair-field susceptibility changes from
d wave to s± and at larger values of t⊥ the superconducting pair-field
susceptibility is suppressed as interlayer valence bonds form.

180513-2

TAM & D.J. Scalapino, PRB 83 ‘11

. = 60, 2 = 0.95; 4×4 ×2 cluster
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Taking the bilayer through a Lifshitz transition
Lifshitz transition

Increasing !"
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Bilayer with 1 Fermi pocket and incipient band
! = 8$, & = 0.85; 4×4 ×2 cluster
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Leading s± pairing state
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Effective pair scattering on active band

k
Γ

M
-k

k’’-k’’

Γeff,00 Γ00 Γ0π Γππ= - + …

Usual repulsive interaction on hole band 
including local Coulomb interaction

Additional attractive interaction from virtual pair 
scattering to unoccupied electron-band

− "#
Γ%%&%&% Γ%'&'&'
Γ'%&%&% Γ''&'&'

(%
('

= * (%
('



CompFUSE

QMC results for effective interaction

Γeff,00 Γ00= - Γ0,π Γπ,0+

RepulsiveEffective interaction Attractive
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Summary & Conclusions

•CompFUSE project
• DQMC, DCA(QMC) and DMRG algorithm development

• Simulations of unconventional superconductors and quantum spin liquids

• Focus on dynamics and 4-point scattering vertex

•Pairing in systems with incipient bands
• DCA(QMC) study of bilayer Hubbard model with incipient band 

• Dominant pairing correlations are s-wave

• Gap on incipient band has opposite sign and larger magnitude than gap on Fermi surface

• Virtual pair scattering to incipient band gives effectively attractive pairing interaction for 
Fermi surface states
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Office of Science, Advanced Scientific Computing Research and Basic Energy Sciences, Division of Materials Sciences and Engineering.


