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Application to 0D OX-merger model: demonstrates that new 
method using inverse UQ better reproduces observed data.  

Highlight: Uncertainty Quantification  

E.g. Initial Studies using OX-Merger Model 

Tokamak Disruption Simulation (TDS) Center: Toward  
Robust Simulation using Scalable Formulations, Solvers, and UQ 

Chacon (LANL-PI), Shadid (SNL/ASCR-PI), Smith (ANL-PI),  
Bui-Thanh (UT-PI), Elman (U. MD-PI),  

X. Tang (TDS-PI, LANL) 

Disruption modeling for characterization, prediction, and 
mitigation is essential for realizing tokamak fusion. In TDS, 
advanced plasma models (multifluid, kinetic, & hybrid) are being 
explored for modeling electron dynamics, fast reconnection, 
transport in 3D fields, and strong neutral jet - plasma 
interactions. To enable these advanced TDS studies, our 
partnership is applying and extending advanced ASCR-
developed scalable algorithms and software for: 
 

•  Implicit/IMEX extended MHD and multifluid electromagnetic 
(EM) plasma formulations as continuum models and moment 
based accelerators for hybrid continuum/kinetic models. 

•  Iterative nonlinear/linear solvers, and physics-based block 
preconditioners, to enable optimal multigrid solvers for 
physics-compatible spatial discretizations. 

•  Uncertainty quantification (UQ) for high-dimensional spaces 
using reduced sampling, surrogate modeling, and multifidelity 
approaches. 

 

Highlight: Implicit / IMEX Plasma Fluid 
Formulations and Scalable Solvers 
 

Extended MHD and multifluid plasma models are being 
evaluated/extended for simulation of moderately dense to 
dense collisional systems. Significant progress has been made  
towards capabilities for tokamak magnetic-field evolution. 
 

•  Extended MHD [1,2] (Generalized Ohm’s law formulation). 
Progress is being made towards MCF relevant simulation 
capabilities. E.g. PIXIE3D has been used for studying 
magnetic field evolution during a sawtooth oscillation for a 
doubly-diverted D shaped tokamak [3].

Abstract / Motivation •  MHD & Multifluid electromagnetic plasma models are 
progressing towards capabilities for discontinuous solutions 
relevant for massive gas injection for disruption mitigation. 
Drekar has demonstrated initial scalable implicit / IMEX 
solutions for accurate evolution of full multifluid plasmas, and 
accurate solution of multifluid in asymptotic MHD limits [7].  

We combine measure-theoretic and Bayesian concepts to 
construct a consistent posterior [9] : 

Stochastic Inversion 

Effect of magnetic perturbations
(MPs) at tokamak boundary on
sawtooth oscillation: Top left shows oscillation of q-profile at 
magnetic axis without MPs, bottom left with MP. Right shows two 
Poincare snapshots in nonlinear phase with MPs (early (e), late(f)). 

•  Scalable MHD [1,4,5], extended MHD [2], and multifluid 
plasma [6,7] block preconditioners, have been developed. 
For the multifluid model these allow overstepping of EM 
waves, plasma & cyclotron frequency, and collisional time-
scales, by > 104 for appropriate plasma problems [6,7]. 

•  We are porting these scalable solvers to BOUT++ and GTS. 

Highlight: Towards Fluid-kinetic 
Coupling with Runaway Electrons 
 

•  Goal: to couple our fluid solvers with a novel relativistic 
Runaway Electron Fokker-Planck solver, featuring:  

1. Exact conservation properties and preservation of positivity.
2. Optimal MG-based nonlinear solvers.
3. Adaptive meshing (under implementation).

E.g. Multifluid EM plasma. 
Expansion of initially 
neutral  ion/electron 
plasma core into a low 
density environment. 
(Preliminary)	

Major Next Steps 

1M cores BG/Q 
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employed approach to obtain a diverted tokamak makes pos-
sible to model the magnetic separatrix and even the outside 
scrape-off layer with more flexibility than MHD codes based 
on flux coordinates. For instance, a plasma edge layer close 
to the separatrix must be excluded in MHD modelling with 
the mars code to avoid the numerical singularity that would 
be introduced by the X-point, and this could be problematic 
for the treatment of edge localized peeling modes [45–47]. A 
shaped computational mesh can be used in pixie3d instead 
of a circular one. This will be exploited in future diverted 
tokamak studies to reduce the fraction of the computational 
domain outside the separatrix (now around 40% of the total 
mesh points) and, more importantly, to take into account the 
stabilizing effect on external kink modes of a close conduc-
tive wall.

3.2. Reference 3D simulation without n  =  1 MPs

We next discuss full 3D simulations based on the above 
D-shaped equilibrium configuration. These simulations use 
a 3D mesh with 128 points in the radial direction, 64 points 
in the poloidal angle and 64 points in the toroidal one. The 
inclusion of the third coordinate makes possible to study 3D 
instabilities such as the internal kink mode. As discussed in 
[37], a pixie3d mesh with 64 points in the poloidal direction 
is adequate to support both m  =  1 and higher-m harmonics.

The reference simulation without non-axisymmetric MPs 
is reported in figure  2. Quasi-periodic sawtooth oscillations 
associated with the internal kink mode are observed. The 
dynamics is qualitatively similar to what previously reported 
in circular tokamak studies with specyl  and pixie3d codes 
[22, 36, 37]. As shown in panel (a), the safety factor at the 
magnetic axis Ψ = 0 makes a first jump from ( )!q 0 0.8 to 
( )!q 0 1 and then undergoes periodic sawtooth oscillations 

in the range from 0.9 to 1. These oscillations are driven by 
the nonlinear dynamics of the internal kink mode. To prop-
erly characterize such dynamics, the spectrum of the perturbed 
magnetic field = −b B B0 is computed in the flux coordi-
nate system ( )ρ θ φ, ,f  associated with the axisymmetric field  

B0. Here, ρ =
π
Ψ
2

 is the radial-like coordinate and θf is the 
poloidal angle-like coordinate that makes the B0-field lines 
straight when the toroidal symmetry angle φ is retained, as 
explained in the appendix. The Fourier analysis of the contra-

variant component ˆ ( )ρ θ φ =ρ ρ
φ

⋅ ∇
⋅ ∇

b q, , b
Bf

0
 is then performed in 

the two periodic coordinates θf and φ, similarly to what is done 
for instance in [48–51]. The ˆρb  component is essentially the 
perturbed flux function, and its Fourier harmonics are more 
meaningful in determining the corresponding magnetic island 
width than those of the true normal component ρ⋅ ∇b  [49]. 
The main spectral component of the internal kink mode is the 
1/1 Fourier harmonic of ˆρb . Indeed, as shown in panel (b), the 
core absolute amplitude of ˆ /

ρ
b1 1 grows during slow resistive 

phases with decreasing q(0) until a sudden jump to ( )!q 0 1 is 
triggered. Then, the 1/1 amplitude crashes and the cycle starts 
over again.

In panels (c)–(d), the magnetic field configuration is ana-
lyzed in more detail at two times the maximum 1/1 ampl itude 
close to two consecutive sawtooth crashes. The structure of 
the internal kink mode in its nonlinear phase is apparent from 
the ˆ /

ρ
bm 1 radial profiles. At both times, the mode is composed 

by the dominant 1/1 harmonic, which goes to zero outside the 
q  =  1 resonant surface, plus poloidal harmonics up to !m 4 
due to the toroidicity, elongation and triangularity induced 
couplings with the 1/1 harmonic. In agreement with the tem-
poral evolution of the core ˆ /

ρ
b1 1 amplitude that reverses sign 

after each crash (except the big initial one), the ˆ /
ρ

b1 1 profiles 
have opposite signs at the two selected times. The m  >  1 
harmonics also reverse sign in order to maintain fixed phase 
relations with respect to the 1/1. This confirms that all the har-
monics are part of the same internal kink mode.

The Poincaré plots at constant toroidal angle, computed 
with the field-line tracing code nemato [52–54], are shown 
in panels (e)–(f) for the two selected times close to sawtooth 
crashes. A large magnetic island produced by the internal 
kink mode is observed at both times. The island is close to 
completely reconnecting the magnetic flux within the q  =  1 
surface, after which nested magnetic surfaces would be 

Figure 2. Reference 3D simulation without n  =  1 MPs, characterized by quasi-periodic sawtooth oscillations. (a) temporal evolution of 

the safety factor q at the magnetic axis Ψ = 0. (b) temporal evolution of the imaginary part of main n  =  1 harmonics of ˆ =ρ ρ
φ

⋅ ∇
⋅ ∇

b q B
B0

. 
The m  =  1 harmonic is plotted at /Ψ Ψ = 0.05sep , where the core peak associated with the internal kink mode is usually located, and m  >  1 
harmonics are plotted at the corresponding low-order resonances ( )Ψ =q m. The magnetic configurations at the two simulation times 
marked in panels (a) and (b) are reported in the remaining panels. (c)–(d) radial profiles of the imaginary part of main n  =  1 harmonics of 
ˆρb . ( )Ψ =q m resonances are marked with vertical colour lines. (e)–(f ) Poincaré plots at φ π=  (colour dots) and axisymmetric magnetic 
separatrix Ψ = Ψsep (black curves).
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field, E0  =  0. The latter condition results in no plasma current 
and hence no poloidal equilibrium field. The large resistivity 
and viscosity damp any initial current density and velocity 
fields, and a solution of the vacuum equations ∇× =B 0 
and ∇ ⋅ =B 0, consistent with the applied MPs, is found. The 
resulting vacuum br decreases towards the center. The abso-
lute value and poloidal location of br(a) peaks are chosen so 
that the maximum br perturbation obtained on the magnetic 
separatrix is around 10−3 with respect to the equilibrium 
toroidal field, as in typical experiments with applied MPs, and 
is poloidally localized as desired above and below the outer 
midplane.

The effect of such realistic MPs is now discussed, starting 
from the φ π∆ =  case reported in figure 4. The sawtoothing 
activity of the internal kink mode is mitigated by MPs in this 
case, similarly to what shown in circular tokamak model-
ling [22–24, 36]. In fact, the average period and the range of 
the q(0) sawtooth oscillations are significantly reduced with 
respect to the reference case without n  =  1 MPs. The oscilla-
tion period and maximum amplitude of the core ˆ /

ρ
b1 1 harmonic 

are also consistently reduced. It is interesting to note that the 
applied perturbation locks the phase of the internal kink. In 
fact, the core 1/1 harmonic does not reverse after each crash 
as in the reference case, but instead it stays positive in agree-
ment with the positive sign of the vacuum 1/1 component of 
the applied MP. This is consistent with the following interpre-
tation of the sawtooth mitigation effect [24]. The MP action 
provides a seed 1/1 perturbation in the core for the internal 
kink mode to grow after each crash. As a consequence, the 
time it takes for the internal kink to reach the nonlinear phase 
is significantly reduced with respect to the case without MPs, 
where the mode starts from a much smaller amplitude, even 
if the mode growth rate does not change. Therefore, the non-
linear jump of the central q is triggered earlier and the overall 
sawtooth oscillations become more frequent and less intense.

Let us look in more detail at the magnetic configuration 
just before the first sawtooth crash. The 1/1 harmonic of ˆρb  is 
characterized by the usual peak in the core due to the internal 
kink mode and it goes through zero close to the q  =  1 resonant 
surface like in the reference case, but now it increases again 
towards the edge as an effect of the applied MP. By com-
paring the 1/1 profile with the corresponding vacuum profile 
the plasma response to the applied MP can be estimated. The 

vacuum profile is screened by the plasma from the edge down 
to the q  =  1 surface. This effect is due the relatively small 
resistivity that opposes to rapid changes of magnetic topology 
such as the abrupt opening of the 1/1 magnetic island that 
would have occurred if the vacuum field had not be screened. 
A similar phenomenology is also observed for low-order reso-
nances with q  =  m  >  1. Indeed, the radial profiles of m  >  1 
harmonics of ˆρb  are significantly damped at the corresponding 
resonances, meaning that the highly conducting plasma is 
trying to screen out the resonant components of the applied 
MP to prevent the opening of magnetic islands. On the con-
trary, non-resonant m  <  0 harmonics (not shown here) remain 
essentially unaffected by the plasma.

A peculiar feature of resonant m  >  1 harmonics is observed 
as simulation time progresses. Such harmonics, which in the 
reference case without MPs are only present close to sawtooth 
crashes as part of the internal kink mode, are now significant 
throughout the whole simulation. Moreover, their absolute 
amplitudes at the corresponding resonant surfaces increase 
in time and eventually reach relatively large steady-state 
values. At the simulation time before the last reported saw-
tooth crash, the radial profiles of m  >  1 harmonics turn out to 
be significantly larger inside their resonances than the corre-
sponding vacuum profiles. Such profiles take the typical shape 
of tearing modes eigenfunctions [50, 61]. Tearing modes 
have been shown in section  3.2 to be linearly stable in the 
shaped configuration under investigation, so the occurrence 
of tearing-like profiles with applied MPs may sound baffling 
at first. This effect is actually caused by the amplification, due 
to marginally stable tearing modes, of the MP components 
resonant with those modes. This is referred to as resonant 
field amplification (RFA) [62, 63]. RFA studies in the litera-
ture mostly deal with marginally stable resistive-wall modes 
[64–66], but the RFA mechanism has been also considered 
for tearing modes [67]. The observed temporal evo lution of 
ˆ /
ρ

bm 1 harmonics, with a steady-state level achieved after a tran-
sient phase, is consistent with the analysis performed in [63] 
for the time-dependent plasma response to a constant external 
perturbation.

The different amplitude levels of m  >  1 harmonics at the 
two selected simulation times are clearly visible in the corre-
sponding Poincaré plots. The Poincaré plot for the time just 
before the first crash shows the usual 1/1 island in the core, 

Figure 4. 3D simulation with applied n  =  1 MPs with φ π∆ = . Sawtooth oscillations are mitigated (they become more frequent and less 
intense). The resonant field amplification of m  >  1 harmonics of the applied MP due to marginally stable tearing modes is also observed. 
Same quantities are reported as in figure 2. In panels (c)–(d), the radial profiles of vacuum ˆρb  harmonics are plotted with dotted lines.
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as well as m  >  1 islands with relatively small width. The 
presence of these m  >  1 islands is consistent with small but 
finite ˆ /

ρ
bm 1 amplitudes at the corresponding resonances. A rela-

tively narrow stochastic layer appears in the edge region as a 
result of the overlapping of island chains close to magnetic 
separatrix. Before the last sawtooth crash, when RFA due to 
marginally stable tearing modes has reached steady-state, the 
Poincaré plot is characterized by m  >  1 islands quite larger 
than before. The stochastic layer at the edge is also signifi-
cantly larger. Indeed, the last closed magnetic surface can be 
found just inside the m  =  3 island chain. Before the first crash, 
it was instead located outside the q  =  4 rational surface.

The numerical simulation (not shown here) with same MP 
phasing φ π∆ =  but three times larger MP amplitude predicts 
an almost complete suppression of sawteeth and the stimula-
tion of a 3D equilibrium with helical core, as observed in 
both RFP and circular tokamak modelling with relatively 
large MPs [22, 36]. On the other hand, the induced edge sto-
chasticity is also stronger, and magnetic chaos touches the 
2/1 island chain. Although a relative amount of edge stochas-
ticity can be acceptable in fusion plasmas and even benefi-
cial for ELMs mitigation [68], the rather large n  =  1 islands 
and associated magnetic chaos, induced by the substantial 
MPs required to mitigate or even supress sawteeth, may limit 
the applicability of n  =  1 external fields as a sawtooth con-
trol tool in fusion devices. However, additional physics not 
taken into account in this study could alleviate this issue in 
a real plasma. Indeed, plasma rotation [48, 69] and two-fluid 
effects [70, 71] are expected to reduce the width of edge 
islands induced by resonant MPs, whereas finite β will make 
the internal kink more unstable [72, 73] and thus more prone 
to respond to n  =  1 MPs [74]. The expected overall result 
is that, for a given MP amplitude, the sawtooth mitigation 
effect would be stronger than in the present work, but with 
less induced edge stochasticity. This expectation agrees with 
the experimental demonstration of sawtooth mitigation by 
n  =  1 MPs without any degradation of plasma confinement 
in DIII-D [24]. Still, the significant induced rotation braking 
[24] remains a possible limitation of this sawtooth control 
method.

We now discuss the effect of varying the relative phasing 
φ∆  between the top and bottom set of saddle coils, as can 

be done in experimental devices such as DIII-D and ASDEX 
Upgrade. The simulation case with φ∆ = 0 is discussed in 

figure  5. The sawtooth mitigation effect clearly observed 
for φ π∆ =  is not obtained in this case. Indeed, the average 
period and amplitude of q(0) oscillations are quite similar to 
the reference case without applied MPs, and even the phase 
flip of the internal kink mode occurs after each crash as 
without MPs. The only apparent effect of MPs in this case is a 
moderate temporal modulation in the amplitude and period of 
sawteeth, in particular with larger sawtooth cycles following 
milder ones and vice-versa.

Why does sawtooth mitigation not occur for the φ∆ = 0 
simulation case? After all, the vacuum ˆ /

ρ
b1 1 profiles turn out to 

provide a similar core 1/1 perturbation in the two numerically 
investigated MP cases, so that a comparable effect on saw-
teeth would be expected. The qualitative difference between 
the two cases can actually be understood by considering 
m  >  1 harmonics. As shown in the figure, a significant RFA 
of applied MPs takes place for φ∆ = 0 like in the previous 
case with φ π∆ = . However, here the RFA effect is such that 
m  >  1 harmonics of ˆρb  have opposite signs with respect to the 
previous case. This is observed both in the temporal evolution 
of resonant ˆ /

ρ
bm 1 amplitudes and at the two selected times when 

RFA has reached steady-state. The 2/1 harmonic in particular 
is characterized by a broadly positive ˆρb  profile, whereas it 
was negative for φ π∆ = . The O-points of the 2/1 island 
chain in the Poincaré plots at fixed toroidal angle are accord-
ingly located on the equatorial plane instead of being above 
and below the core region as before. We can now explain the 
lack of sawtooth mitigation for φ∆ = 0 as a competitive effect 
of the 1/1 and 2/1 harmonics of the applied MP. Indeed, the 
positive applied 1/1 harmonic is forcing the 1/1 island to grow 
on the left of the original magnetic axis like in the φ π∆ =  
case. But now the applied 2/1 harmonic is also positive, which 
would induce by inverse toroidal coupling a negative core 1/1 
harmonic (because of the natural phase relation between the 
1/1 and 2/1 harmonics, identified in the reference case without 
MPs) corresponding to a 1/1 island on the right-hand side of 
the magnetic axis. Overall, the opposite effects of 1/1 and 2/1 
harmonics of the applied MP cancel each other and the saw-
tooth dynamics of the internal kink mode stays close to the 
spontaneous one. On the other hand, in the φ π∆ =  case the 
opposite sign of 1/1 and 2/1 harmonics of the applied MP is 
consistent with their natural phase relation, and the sawtooth 
mitigation effect is efficiently achieved by the cooperative 
action of the two harmonics.

Figure 5. 3D simulation with applied n  =  1 MPs with φ∆ = 0. The opposite action of m  =  1 and m  =  2 harmonics prevents sawtooth 
mitigation. Same quantities are reported as in figure 4.
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employed approach to obtain a diverted tokamak makes pos-
sible to model the magnetic separatrix and even the outside 
scrape-off layer with more flexibility than MHD codes based 
on flux coordinates. For instance, a plasma edge layer close 
to the separatrix must be excluded in MHD modelling with 
the mars code to avoid the numerical singularity that would 
be introduced by the X-point, and this could be problematic 
for the treatment of edge localized peeling modes [45–47]. A 
shaped computational mesh can be used in pixie3d instead 
of a circular one. This will be exploited in future diverted 
tokamak studies to reduce the fraction of the computational 
domain outside the separatrix (now around 40% of the total 
mesh points) and, more importantly, to take into account the 
stabilizing effect on external kink modes of a close conduc-
tive wall.

3.2. Reference 3D simulation without n  =  1 MPs

We next discuss full 3D simulations based on the above 
D-shaped equilibrium configuration. These simulations use 
a 3D mesh with 128 points in the radial direction, 64 points 
in the poloidal angle and 64 points in the toroidal one. The 
inclusion of the third coordinate makes possible to study 3D 
instabilities such as the internal kink mode. As discussed in 
[37], a pixie3d mesh with 64 points in the poloidal direction 
is adequate to support both m  =  1 and higher-m harmonics.

The reference simulation without non-axisymmetric MPs 
is reported in figure  2. Quasi-periodic sawtooth oscillations 
associated with the internal kink mode are observed. The 
dynamics is qualitatively similar to what previously reported 
in circular tokamak studies with specyl  and pixie3d codes 
[22, 36, 37]. As shown in panel (a), the safety factor at the 
magnetic axis Ψ = 0 makes a first jump from ( )!q 0 0.8 to 
( )!q 0 1 and then undergoes periodic sawtooth oscillations 

in the range from 0.9 to 1. These oscillations are driven by 
the nonlinear dynamics of the internal kink mode. To prop-
erly characterize such dynamics, the spectrum of the perturbed 
magnetic field = −b B B0 is computed in the flux coordi-
nate system ( )ρ θ φ, ,f  associated with the axisymmetric field  

B0. Here, ρ =
π
Ψ
2

 is the radial-like coordinate and θf is the 
poloidal angle-like coordinate that makes the B0-field lines 
straight when the toroidal symmetry angle φ is retained, as 
explained in the appendix. The Fourier analysis of the contra-

variant component ˆ ( )ρ θ φ =ρ ρ
φ

⋅ ∇
⋅ ∇

b q, , b
Bf

0
 is then performed in 

the two periodic coordinates θf and φ, similarly to what is done 
for instance in [48–51]. The ˆρb  component is essentially the 
perturbed flux function, and its Fourier harmonics are more 
meaningful in determining the corresponding magnetic island 
width than those of the true normal component ρ⋅ ∇b  [49]. 
The main spectral component of the internal kink mode is the 
1/1 Fourier harmonic of ˆρb . Indeed, as shown in panel (b), the 
core absolute amplitude of ˆ /

ρ
b1 1 grows during slow resistive 

phases with decreasing q(0) until a sudden jump to ( )!q 0 1 is 
triggered. Then, the 1/1 amplitude crashes and the cycle starts 
over again.

In panels (c)–(d), the magnetic field configuration is ana-
lyzed in more detail at two times the maximum 1/1 ampl itude 
close to two consecutive sawtooth crashes. The structure of 
the internal kink mode in its nonlinear phase is apparent from 
the ˆ /

ρ
bm 1 radial profiles. At both times, the mode is composed 

by the dominant 1/1 harmonic, which goes to zero outside the 
q  =  1 resonant surface, plus poloidal harmonics up to !m 4 
due to the toroidicity, elongation and triangularity induced 
couplings with the 1/1 harmonic. In agreement with the tem-
poral evolution of the core ˆ /

ρ
b1 1 amplitude that reverses sign 

after each crash (except the big initial one), the ˆ /
ρ

b1 1 profiles 
have opposite signs at the two selected times. The m  >  1 
harmonics also reverse sign in order to maintain fixed phase 
relations with respect to the 1/1. This confirms that all the har-
monics are part of the same internal kink mode.

The Poincaré plots at constant toroidal angle, computed 
with the field-line tracing code nemato [52–54], are shown 
in panels (e)–(f) for the two selected times close to sawtooth 
crashes. A large magnetic island produced by the internal 
kink mode is observed at both times. The island is close to 
completely reconnecting the magnetic flux within the q  =  1 
surface, after which nested magnetic surfaces would be 

Figure 2. Reference 3D simulation without n  =  1 MPs, characterized by quasi-periodic sawtooth oscillations. (a) temporal evolution of 

the safety factor q at the magnetic axis Ψ = 0. (b) temporal evolution of the imaginary part of main n  =  1 harmonics of ˆ =ρ ρ
φ

⋅ ∇
⋅ ∇

b q B
B0

. 
The m  =  1 harmonic is plotted at /Ψ Ψ = 0.05sep , where the core peak associated with the internal kink mode is usually located, and m  >  1 
harmonics are plotted at the corresponding low-order resonances ( )Ψ =q m. The magnetic configurations at the two simulation times 
marked in panels (a) and (b) are reported in the remaining panels. (c)–(d) radial profiles of the imaginary part of main n  =  1 harmonics of 
ˆρb . ( )Ψ =q m resonances are marked with vertical colour lines. (e)–(f ) Poincaré plots at φ π=  (colour dots) and axisymmetric magnetic 
separatrix Ψ = Ψsep (black curves).
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field, E0  =  0. The latter condition results in no plasma current 
and hence no poloidal equilibrium field. The large resistivity 
and viscosity damp any initial current density and velocity 
fields, and a solution of the vacuum equations ∇× =B 0 
and ∇ ⋅ =B 0, consistent with the applied MPs, is found. The 
resulting vacuum br decreases towards the center. The abso-
lute value and poloidal location of br(a) peaks are chosen so 
that the maximum br perturbation obtained on the magnetic 
separatrix is around 10−3 with respect to the equilibrium 
toroidal field, as in typical experiments with applied MPs, and 
is poloidally localized as desired above and below the outer 
midplane.

The effect of such realistic MPs is now discussed, starting 
from the φ π∆ =  case reported in figure 4. The sawtoothing 
activity of the internal kink mode is mitigated by MPs in this 
case, similarly to what shown in circular tokamak model-
ling [22–24, 36]. In fact, the average period and the range of 
the q(0) sawtooth oscillations are significantly reduced with 
respect to the reference case without n  =  1 MPs. The oscilla-
tion period and maximum amplitude of the core ˆ /

ρ
b1 1 harmonic 

are also consistently reduced. It is interesting to note that the 
applied perturbation locks the phase of the internal kink. In 
fact, the core 1/1 harmonic does not reverse after each crash 
as in the reference case, but instead it stays positive in agree-
ment with the positive sign of the vacuum 1/1 component of 
the applied MP. This is consistent with the following interpre-
tation of the sawtooth mitigation effect [24]. The MP action 
provides a seed 1/1 perturbation in the core for the internal 
kink mode to grow after each crash. As a consequence, the 
time it takes for the internal kink to reach the nonlinear phase 
is significantly reduced with respect to the case without MPs, 
where the mode starts from a much smaller amplitude, even 
if the mode growth rate does not change. Therefore, the non-
linear jump of the central q is triggered earlier and the overall 
sawtooth oscillations become more frequent and less intense.

Let us look in more detail at the magnetic configuration 
just before the first sawtooth crash. The 1/1 harmonic of ˆρb  is 
characterized by the usual peak in the core due to the internal 
kink mode and it goes through zero close to the q  =  1 resonant 
surface like in the reference case, but now it increases again 
towards the edge as an effect of the applied MP. By com-
paring the 1/1 profile with the corresponding vacuum profile 
the plasma response to the applied MP can be estimated. The 

vacuum profile is screened by the plasma from the edge down 
to the q  =  1 surface. This effect is due the relatively small 
resistivity that opposes to rapid changes of magnetic topology 
such as the abrupt opening of the 1/1 magnetic island that 
would have occurred if the vacuum field had not be screened. 
A similar phenomenology is also observed for low-order reso-
nances with q  =  m  >  1. Indeed, the radial profiles of m  >  1 
harmonics of ˆρb  are significantly damped at the corresponding 
resonances, meaning that the highly conducting plasma is 
trying to screen out the resonant components of the applied 
MP to prevent the opening of magnetic islands. On the con-
trary, non-resonant m  <  0 harmonics (not shown here) remain 
essentially unaffected by the plasma.

A peculiar feature of resonant m  >  1 harmonics is observed 
as simulation time progresses. Such harmonics, which in the 
reference case without MPs are only present close to sawtooth 
crashes as part of the internal kink mode, are now significant 
throughout the whole simulation. Moreover, their absolute 
amplitudes at the corresponding resonant surfaces increase 
in time and eventually reach relatively large steady-state 
values. At the simulation time before the last reported saw-
tooth crash, the radial profiles of m  >  1 harmonics turn out to 
be significantly larger inside their resonances than the corre-
sponding vacuum profiles. Such profiles take the typical shape 
of tearing modes eigenfunctions [50, 61]. Tearing modes 
have been shown in section  3.2 to be linearly stable in the 
shaped configuration under investigation, so the occurrence 
of tearing-like profiles with applied MPs may sound baffling 
at first. This effect is actually caused by the amplification, due 
to marginally stable tearing modes, of the MP components 
resonant with those modes. This is referred to as resonant 
field amplification (RFA) [62, 63]. RFA studies in the litera-
ture mostly deal with marginally stable resistive-wall modes 
[64–66], but the RFA mechanism has been also considered 
for tearing modes [67]. The observed temporal evo lution of 
ˆ /
ρ

bm 1 harmonics, with a steady-state level achieved after a tran-
sient phase, is consistent with the analysis performed in [63] 
for the time-dependent plasma response to a constant external 
perturbation.

The different amplitude levels of m  >  1 harmonics at the 
two selected simulation times are clearly visible in the corre-
sponding Poincaré plots. The Poincaré plot for the time just 
before the first crash shows the usual 1/1 island in the core, 

Figure 4. 3D simulation with applied n  =  1 MPs with φ π∆ = . Sawtooth oscillations are mitigated (they become more frequent and less 
intense). The resonant field amplification of m  >  1 harmonics of the applied MP due to marginally stable tearing modes is also observed. 
Same quantities are reported as in figure 2. In panels (c)–(d), the radial profiles of vacuum ˆρb  harmonics are plotted with dotted lines.
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as well as m  >  1 islands with relatively small width. The 
presence of these m  >  1 islands is consistent with small but 
finite ˆ /

ρ
bm 1 amplitudes at the corresponding resonances. A rela-

tively narrow stochastic layer appears in the edge region as a 
result of the overlapping of island chains close to magnetic 
separatrix. Before the last sawtooth crash, when RFA due to 
marginally stable tearing modes has reached steady-state, the 
Poincaré plot is characterized by m  >  1 islands quite larger 
than before. The stochastic layer at the edge is also signifi-
cantly larger. Indeed, the last closed magnetic surface can be 
found just inside the m  =  3 island chain. Before the first crash, 
it was instead located outside the q  =  4 rational surface.

The numerical simulation (not shown here) with same MP 
phasing φ π∆ =  but three times larger MP amplitude predicts 
an almost complete suppression of sawteeth and the stimula-
tion of a 3D equilibrium with helical core, as observed in 
both RFP and circular tokamak modelling with relatively 
large MPs [22, 36]. On the other hand, the induced edge sto-
chasticity is also stronger, and magnetic chaos touches the 
2/1 island chain. Although a relative amount of edge stochas-
ticity can be acceptable in fusion plasmas and even benefi-
cial for ELMs mitigation [68], the rather large n  =  1 islands 
and associated magnetic chaos, induced by the substantial 
MPs required to mitigate or even supress sawteeth, may limit 
the applicability of n  =  1 external fields as a sawtooth con-
trol tool in fusion devices. However, additional physics not 
taken into account in this study could alleviate this issue in 
a real plasma. Indeed, plasma rotation [48, 69] and two-fluid 
effects [70, 71] are expected to reduce the width of edge 
islands induced by resonant MPs, whereas finite β will make 
the internal kink more unstable [72, 73] and thus more prone 
to respond to n  =  1 MPs [74]. The expected overall result 
is that, for a given MP amplitude, the sawtooth mitigation 
effect would be stronger than in the present work, but with 
less induced edge stochasticity. This expectation agrees with 
the experimental demonstration of sawtooth mitigation by 
n  =  1 MPs without any degradation of plasma confinement 
in DIII-D [24]. Still, the significant induced rotation braking 
[24] remains a possible limitation of this sawtooth control 
method.

We now discuss the effect of varying the relative phasing 
φ∆  between the top and bottom set of saddle coils, as can 

be done in experimental devices such as DIII-D and ASDEX 
Upgrade. The simulation case with φ∆ = 0 is discussed in 

figure  5. The sawtooth mitigation effect clearly observed 
for φ π∆ =  is not obtained in this case. Indeed, the average 
period and amplitude of q(0) oscillations are quite similar to 
the reference case without applied MPs, and even the phase 
flip of the internal kink mode occurs after each crash as 
without MPs. The only apparent effect of MPs in this case is a 
moderate temporal modulation in the amplitude and period of 
sawteeth, in particular with larger sawtooth cycles following 
milder ones and vice-versa.

Why does sawtooth mitigation not occur for the φ∆ = 0 
simulation case? After all, the vacuum ˆ /

ρ
b1 1 profiles turn out to 

provide a similar core 1/1 perturbation in the two numerically 
investigated MP cases, so that a comparable effect on saw-
teeth would be expected. The qualitative difference between 
the two cases can actually be understood by considering 
m  >  1 harmonics. As shown in the figure, a significant RFA 
of applied MPs takes place for φ∆ = 0 like in the previous 
case with φ π∆ = . However, here the RFA effect is such that 
m  >  1 harmonics of ˆρb  have opposite signs with respect to the 
previous case. This is observed both in the temporal evolution 
of resonant ˆ /

ρ
bm 1 amplitudes and at the two selected times when 

RFA has reached steady-state. The 2/1 harmonic in particular 
is characterized by a broadly positive ˆρb  profile, whereas it 
was negative for φ π∆ = . The O-points of the 2/1 island 
chain in the Poincaré plots at fixed toroidal angle are accord-
ingly located on the equatorial plane instead of being above 
and below the core region as before. We can now explain the 
lack of sawtooth mitigation for φ∆ = 0 as a competitive effect 
of the 1/1 and 2/1 harmonics of the applied MP. Indeed, the 
positive applied 1/1 harmonic is forcing the 1/1 island to grow 
on the left of the original magnetic axis like in the φ π∆ =  
case. But now the applied 2/1 harmonic is also positive, which 
would induce by inverse toroidal coupling a negative core 1/1 
harmonic (because of the natural phase relation between the 
1/1 and 2/1 harmonics, identified in the reference case without 
MPs) corresponding to a 1/1 island on the right-hand side of 
the magnetic axis. Overall, the opposite effects of 1/1 and 2/1 
harmonics of the applied MP cancel each other and the saw-
tooth dynamics of the internal kink mode stays close to the 
spontaneous one. On the other hand, in the φ π∆ =  case the 
opposite sign of 1/1 and 2/1 harmonics of the applied MP is 
consistent with their natural phase relation, and the sawtooth 
mitigation effect is efficiently achieved by the cooperative 
action of the two harmonics.

Figure 5. 3D simulation with applied n  =  1 MPs with φ∆ = 0. The opposite action of m  =  1 and m  =  2 harmonics prevents sawtooth 
mitigation. Same quantities are reported as in figure 4.
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Preservation of boosted Maxwellian Runaway Electron Vortex formation 

Nonlinear ROM using empirical interpolation method 

# parameters 4 16 36 49 

Solve full system 55.1s 53.6s 66.8s 57.1s 

Solve reduced system 0.11s 1.76s 11.0s 24.8s 

CPU time to solve incompressible Navier-Stokes equations [10] 

•  Development of robust and efficient UQ and sensitivity 
analysis using efficient sampling, surrogate / reduced order 
modeling, and multifidelity approaches for sensitivities, forward 
UQ, and inverse UQ for data-informed model improvement. 

E.g. Ideal MHD (1D Ryu-Jones, 2D Orszag-Tang: Density) 

0 
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QoI: Gamma QoI: Ecrit 

Sensitivity Analysis 
Performed global sensitivity analysis based on Sobol indices [8]: 

Weak scaling solvers: steady MHD (left), transient multifluid (right)

•  Develop R&D version of PIXIE3D/Drekar with OMFIT 
capabilities, EFIT experimental equilibrium, study 
instabilities, breakdown of magnetic structure.  

•  Pursue initial INCITE-scale fast-reconnection and massive 
gas injection (MGI) type prototype problems 

•  Demonstrate high-order IMEX hybridized discontinuous 
Galerkin [11,12] on MCF relevant resistive MHD problems 

•  Perform comprehensive UQ studies (forward, inverse) on 
0D OX merger RE, begin studies on 1D, 2D neutral MGI 
models with transport effects for neutrals/ions/electrons. 

•  Explore efficient reduced sampling and multifidelity UQ 
approaches with QoI surrogates, and ROM for dynamics of 
parameterized MHD / plasma codes 


