
Charge form factor and sum rules of electromagnetic response functions in 12C
Alessandro Lovato1, Stefano Gandolfi2, Ralph Butler3, Joseph Carlson2, 

Ewing Lusk1, Steven C. Pieper1, Rocco Schiavilla4

The electroweak response is a fundamental ingredient to describe the neutrino - 12-carbon scattering, recently measured by the 
MiniBooNE collaboration to calibrate the detector aimed at studying neutrino oscillations. As a first step toward its calculation, we 
have computed the sum rules for the electromagnetic response of 12C including two-body meson exchange currents. Moreover, this 
calculation can be used to predict the results of the upcoming experiment at Jefferson Laboratory, which are not yet released.

GFMC algorithms use projection techniques to enhance the ground-state component of a starting trial 
wave function using realistic NN+NNN interaction.

The sum rules of the response functions provide a useful tool for studying 
integral properties of the electron-nucleus scattering                                .
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I. DESCRIPTION OF SCIENCE

The electroweak response is a fundamental ingredient to describe the neutrino - 12Carbon

scattering, recently measured by the MiniBooNE collaboration to calibrate the detector aimed

at studying neutrino oscillations. As a first step towards its calculation, we have computed

the sum rules for the electromagnetic response of 12C. The cross section of the process

e+12 C → e′ +X . (1)

can be written in Born approximation as [1]

d2σ

dΩe′dEe′
= −

α2

q4
Ee′

Ee

LµνW
µν , (2)

where α # 1/137 is the fine structure constant, dΩe′ is the differential solid angle specified by

ke′ and q = ke − ke′ is the four momentum transfer of the process. The leptonic tensor Lµν is

fully determined by the measured kinematical variables of the electron, while all information on

target structure, which is largely dictated by nuclear interactions, is enclosed in the hadronic

tensor

W µν =
∑

X

〈Ψ0|J
µ|ΨX〉〈ΨX |J

ν |Ψ0〉δ
(4)(p0 + q − pX) . (3)

The sum over the final states includes an integral over pX , the spatial momentum of the final

hadronic state, while p0 is the initial four-momentum of the nucleus.

In the nonrelativistic approach, the hadronic tensor can be written in terms of the longitu-

dinal and transverse response functions, with respect to the direction of the three-momentum

transfer q. For instance, taking q along the z-axis, the transverse response is defined by [2]

Rxx+yy(q,ω) =
∑

X

δ(ω + E0 − EX)
[

〈Ψ0|j
x(q,ω)|ΨX〉〈ΨX |j

x(q,ω)|Ψ0〉+

〈Ψ0|j
y(q,ω)|ΨX〉〈ΨX|j

y(q,ω)|Ψ0〉
]

(4)

while the longitudinal is given by

R00(q,ω) =
∑

X

δ(ω + E0 − EX)〈Ψ0|ρ(q,ω)|ΨX〉〈ΨX |ρ(q,ω)|Ψ0〉 (5)

The sum rules are obtained integrating the response functions over the energy transfer and

using the completeness relation of the states |X〉. For Rxx+yy and R00 one has

Sxx+yy(q) ≡

∫

dωRxx+yy(q,ω) = 〈Ψ0|j
x(q,ωel)j

x(q,ωel) + jy(q,ωel)j
y(q,ωel)|Ψ0〉

S00(q) ≡

∫

dωR00(q,ω) = 〈Ψ0|ρ(q,ωel)ρ(q,ωel)|Ψ0〉 , (6)

By using the completeness relation, they can be expressed as ground-state 
expectation values of the charge and current operators. 

The elastic contribution of the longitudinal sum rule, proportional to the 
charge form factor |F(q)|, describing the spatial distributions of electric 
charge inside the nucleus, is subtracted.
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An ab initio calculation of the 12C elastic form factor, and sum rules of longitudinal and transverse
response functions measured in inclusive (e, e0) scattering, is reported, based on realistic nuclear po-
tentials and electromagnetic currents. The longitudinal elastic form factor and sum rule are found to
be in satisfactory agreement with available experimental data. A direct comparison between theory
and experiment is di�cult for the transverse sum rule. However, it is shown that the calculated
one has large contributions from two-body currents, indicating that these mechanisms lead to a
significant enhancement of the quasi-elastic transverse response. This fact may have implications
for the anomaly observed in recent neutrino quasi-elastic charge-changing scattering data o↵ 12C.
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The current picture of the nucleus as a system of pro-
tons and neutrons interacting amongst themselves via
two- and three-body forces and with external electroweak
probes via one- and two-body currents—a dynamical
framework we will refer to below as the standard nu-
clear physics approach (SNPA)—has been shown to re-
produce satisfactorily a variety of empirical properties of
light nuclei with mass number A  12, including energy
spectra [1] and static properties [2] of low-lying states,
such as charge radii, and magnetic and quadrupole mo-
ments. However, it has yet to be established conclusively
whether such a picture quantitatively and successfully
accounts for the observed electroweak structure and re-
sponse of these systems, at least those with A > 4, in
a wide range of energy and momentum transfers. This
issue has acquired new and pressing relevance in view of
the anomaly seen in recent neutrino quasi-elastic charge-
changing scattering data on 12C [3], i.e., the excess, at
relatively low energy, of measured cross section relative
to theoretical calculations. Analyses based on these cal-
culations have led to speculations that our present under-
standing of the nuclear response to charge-changing weak
probes may be incomplete [4], and, in particular, that the
momentum transfer dependence of the axial form factor
of the nucleon may be quite di↵erent from that obtained
from analyses of pion electro-production data [5] and
measurements of neutrino and anti-neutrino reactions on
protons and deuterons [6]. However, it should be em-
phasized that the calculations on which these analyses
are based use rather crude models of nuclear structure—
Fermi gas or local density approximations of the nuclear
matter spectral function—as well as simplistic treatments
of the reaction mechanism, and do not fit the picture out-
lined above. Conclusions based on them should therefore
be viewed with skepticism.

The present work provides the first step towards a com-

prehensive study, within the SNPA, of the quasi-elastic
electroweak response functions of light nuclei. It reports
on an exact quantum Monte Carlo (QMC) calculation
of the sum rules associated with the longitudinal and
transverse response functions measured in inclusive elec-
tron scattering experiments on 12C. These sum rules are
defined as [7]

S↵(q) = C↵

Z 1

!+

th

d!
R↵(q,!)
Gp 2

E (Q2)
, (1)

where R↵(q,!) is the longitudinal (↵ = L) or transverse
(↵ = T ) response function, q and ! are the momentum
and energy transfers, !

th

is the energy transfer corre-
sponding to the inelastic threshold (the first excited-state
energy is at 4.44 MeV relative to the ground state in 12C),
Gp

E(Q2) is the proton electric form factor evaluated at
four-momentum transfer Q2 = q2 �!2, and the C↵’s are
appropriate normalization factors, given by

CL =
1
Z

, CT =
2�

Z µ2

p + N µ2

n

� m2

q2

. (2)

Here m is the nucleon mass, and Z (N) and µp (µn) are
the proton (neutron) number and magnetic moment, re-
spectively. These factors have been introduced so that
S↵(q ! 1) ' 1 under the approximation that the nu-
clear charge and current operators originate solely from
the charge and spin magnetization of individual protons
and neutrons and that relativistic corrections to these
one-body operators—such as the Darwin-Foldy and spin-
orbit terms in the charge operator—are ignored.

It is well known [8] that the sum rules above can be
expressed as ground-state expectation values of the type

S↵(q)=C↵

h
h0|O†

↵(q) O↵(q)|0i� |h0;q|O↵(q)|0i|2
i

, (3)

| 0i = lim
⌧!1

e(Ĥ�E0)⌧ | T i
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The spin-orbit and convection terms in OL(q) and
OT (q) require gradients of both the bra and ket in
Eq. (3); however, we cannot compute gradients of the
evolved GFMC wave function. Therefore we compute
these terms for only the VMC wave function and add
them perturbatively to the GFMC results. They are
generally quite small, although the convection term is
significant for small q, see Fig. 3 below.

The calculations were made on Argonne’s IBM Blue
Gene/Q (Mira). Our GFMC program uses the Asyn-
chronous Dynamic Load Balancing (ADLB) library [27]
to achieve parallelization to more than 250,000 MPI pro-
cesses with 80% e�ciency to calculate the energy. The
calculations of operators presented here require much
more memory than just the energy evaluation and we
typically used four MPI processes on each 16 Gbyte node.
We achieve good OpenMP scaling in each process: using
16 threads (the most possible) instead of only 4 reduces
the time per configuration per q-value from about 12 to
6 minutes. For each Monte Carlo configuration, we av-
eraged over 12 directions of q̂ in Eq. (3); these were in
four groups of three orthogonal directions obtained by
implementing the method of uniformly distributed ran-
dom rotations on a unit sphere [28]. The 12 calculations
for each of 21 magnitudes of q (252 independent calcu-
lations) were distributed to di↵erent MPI processes by
ADLB, with an e�ciency above 95% on more than 32,000
MPI processes.

The calculated longitudinal elastic form factor (FL)
of 12C is compared to experimental data in Fig. 1.
These data are from an unpublished compilation by
Sick [23, 29], and are well reproduced by theory over the
whole range of momentum transfers. The results labeled
one-body (1b) include, in addition to the proton, the neu-
tron contribution as well as the Darwin-Foldy and spin-
orbit relativistic corrections to the single-nucleon charge
operator, while those labeled two-body (2b) also contain
the contributions due to the ⇡-like, ⇢-like, and ⇢⇡� (two-
body) charge operators. These two-body contributions
are negligible at low q, and become appreciable only for
q > 3 fm�1, where they interfere destructively with the
one-body contributions bringing theory into closer agree-
ment with experiment. The Simon [30], Galster [31], and
Höhler [32] parametrizations are used for the proton elec-
tric, neutron electric, and proton and neutron magnetic
form factors, respectively.

In Figs. 2 and 3, we show by the open squares the
experimental sum rules SL(q) and ST (q) obtained by in-
tegrating up to !

max

the longitudinal and transverse re-
sponse functions (divided by the square of Gp

E) extracted
from world data on inclusive (e, e0) scattering o↵ 12C [17].
For q=1.53, 1.94, and 2.90 fm�1, !

max

in the longitudi-
nal (transverse) case corresponds to, respectively, 140,
210, and 345 (140, 180, 285) MeV. We also show by
the solid squares the experimental sum rules obtained
by estimating the contribution of strength in the region
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FIG. 1. (Color online) The longitudinal elastic form fac-
tor of 12C obtained from the AV18+IL7 Hamiltonian with
one-body only (empty circles) and one- and two-body (solid
circles) terms in the charge operator is compared to experi-
mental data. Also displayed are the statistical errors of the
QMC calculation. The inset shows the calculated charge den-
sity in coordinate space with one-body (empty circles) and
(one+two)-body (red band) terms compared with an analysis
of the experimental data (solid line) [33].

! > !
max

. This estimate �S↵(q) is made by assum-
ing that for ! > !

max

, i.e., well beyond the quasi-elastic
peak, the (longitudinal or transverse) response in a nu-
cleus like 12C (RA

↵ ) is proportional to that in the deuteron
(R d

↵), which can be accurately calculated [24]. In par-
ticular, R d

↵ has been calculated using AV18, but very
similar results are obtained by using N3LO [34] instead.
Thus, we set RA

↵ (q,! > !
max

) = �(q)R d
↵(q,!), and de-

termine �(q) by matching the experimental 12C response
to the calculated deuteron one. In practice, �S↵(q) fol-
lows from

�S↵(q) = �(q)CA
↵

"
Sd
↵(q)

Cd
↵

�
Z !

max

!+

th

Rd
↵(q,!)

Gp 2

E (Q2)

#
, (4)

where the CA
↵ and Cd

↵ are the normalization factors asso-
ciated with the nucleus and deuteron, respectively, and
Sd
↵(q) is the deuteron sum rule. It is worthwhile empha-

sizing that, for the transverse case, this estimate is par-
ticularly uncertain for the reasons explained earlier. In
particular, the data on RT at q=1.94 and 2.90 fm�1 [17]
suggest that at ! ⇠ !

max

there might be already signifi-
cant strength that has leaked in from the �-peak region.

The scaling assumption above assumes that the high-
energy part of the response is dominated by two-
nucleon physics, and that the most important con-
tribution is from deuteron-like np pairs. The high-
energy response can be obtained from the Fourier
transform of the short-time response (2⇡)S↵(q,!) =R
dt h0|O†

↵(q) exp(�iHt)O↵(q)|0i, or equivalently from

Longitudinal sum rule

Large two-body currents effect: 
at q≈500 MeV the increase with respect 
to the one-body case is about 50%.
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FIG. 2. (Color online) The longitudinal sum rule of 12C ob-
tained from the AV18+IL7 Hamiltonian with one-body only
(empty circles, dashed line) and one- and two-body (solid cir-
cles, solid line) terms in the charge operator is compared to
experimental data without (empty squares), labeled exp, and
with (solid squares), labeled exp+tail, the tail contribution,
see text. Also displayed are the statistical errors of the QMC
calculation.

the small imaginary time-dependence of the propagator.
At short times the full propagator is governed by the
product of pair propagators (assuming three-nucleon in-
teractions are weak), and hence we expect the scaling
with deuteron-like pairs.
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FIG. 3. (Color online) Same as in Fig. 2, but for the transverse
sum rule. The open symbols do not contain derivative terms
while a VMC evaluation of the derivative terms is included
for the solid red dots. The inset shows ST (q)/CT in the small
q-region.

The sum rules computed with the AV18+IL7 Hamil-
tonian and one-body only or one- and two-body terms in
the charge (SL) and current (ST ) operators are shown,
respectively, by the dashed and solid lines in Figs. 2–
3. In the small q limit, SL(q) vanishes quadratically,

while the divergent behavior in ST (q) is due to the 1/q2

present in the normalization factor CT . In this limit,
OT (q = 0) = i [H ,

P
i ri Pi ] [25, 26], where H is the

Hamiltonian and Pi is the proton projector, and there-
fore ST (q)/CT is finite, indeed the associated strength is
due to collective excitations of electric-dipole type in the
nucleus. In the large q limit, the one-body sum rules dif-
fer from one because of relativistic corrections in OL(q),
primarily the Darwin-Foldy term which gives a contri-
bution �⌘/(1 + ⌘) to S1b

L (q), where ⌘ ' q2/(4m2), and
because of the convection term in OT (q), which gives a
contribution ' (4/3)CT Tp/m to S1b

T (q), where Tp is the
proton kinetic energy in the nucleus.
The calculated SL(q) is in satisfactory agreement with

the experimental values, including tail contributions, and
no significant quenching of longitudinal strength is ob-
served. Since the experimental RL(q,!) is divided out
by the (square of the) free proton electric form factor,
one is led to conclude that the evidence for in-medium
modifications of the nucleon electromagnetic form fac-
tors, as advocated, for example, by the quark-meson cou-
pling model of nucleon and nuclear structure [35, 36],
does not appear to be supported by data. Clearly, a
more direct comparison between the theoretical and ex-
perimental longitudinal response functions in the quasi-
elastic peak region would allow one to resolve this issue
conclusively. However, such a calculation is beyond the
scope of the present work.
In contrast to SL, the transverse sum rule has large

two-body contributions—at q = 2.5 fm�1; these increase
S1b

T by about 50%. Studies of Euclidean transverse re-
sponse functions in the few-nucleon systems within the
same SNPA adopted here [15] suggest that a significant
portion of this excess transverse strength is in the quasi-
elastic region. Clearly, a direct QMC calculation of the
12C response functions is needed to resolve this issue con-
clusively. It will also be interesting to see the extent
to which these considerations—in particular, the major
role played by two-body currents—will remain valid in
the weak sector probed in neutrino scattering, and possi-
bly provide an explanation for the observed 12C anomaly
mentioned in the introduction. There are indications
from random phase approximation calculations including
2p-2h states that this may indeed be the case [37, 38].
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SUM RULES AND FORM FACTOR GREEN’S FUNCTION MONTE CARLO ON MIRA

• We ported GFMC, together with the ADLB load-
balancing library, to the 10-petaflop Mira computer at 
Argonne and demonstrated scaling to more than 
250,000 MPI ranks with over 2 million threads.

RESULTS

Two-body terms in the density operator 
bring theoretical prediction closer to 
experimental data in the high-momentum 
transfer tail.

Satisfactory agreement with experimental 
values. No evidence for in-medium 
modifications of the nucleon 
electromagnetic form factors.

Transverse sum rule

• We conducted experiments to determine the best 
configuration of MPI processes per node and OpenMP 
threads per process for the sum rule calculations (4 ranks/
node, 16 threads/rank).

• The calculation of the energy and of the response functions 
allows for splitting one sample over many processors. 

FUTURE WORK
• Neutral current sum rules, allowing for the 
description of neutrino scattering on 12C, are 
currently being implemented in the code.  
• Euclidean elecromagnetic and weak response 
functions will enable us to make a more direct 
comparison with data.

=

0 1 2 3 4
q (fm-1)

0.0

0.5

1.0

1.5

2.0

S T (q
)

exp
J1
J1b+2b

0.0 0.2 0.4 0.6 0.8 1.00

1

2 ST/CT

ALCF Early 
Science Program

1) Argonne National Laboratory, Argonne, IL 60439     2) Los Alamos National Laboratory, Los Alamos, NM 87545     3) Tennessee State University, Murfreesboro, TN 37132     4) Old Dominion University, Norfolk, VA 23529

• To perform this calculation we have used about 20 million 
hours of ALCF Early Science Program computing time.

arXiv:1305.6959 [nucl-th]

Wednesday, July 17, 13

http://arxiv.org/abs/1305.6959
http://arxiv.org/abs/1305.6959

