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Scien)fic	  introduc)on	  

We	  are	  developing	  methods	  to	  calculate	  excited	  electronic	  states	  of	  
molecules.	  

Excited	  states	  are	  involved	  in	  important	  physical	  processes	  
including	  photochemistry.	  

Highly	  excited	  states	  may	  decay	  via	  ioniza)on,	  ejec)on	  of	  an	  
electron	  –	  they	  autoionize.	  	  	  

	  Autoionizing	  states	  require	  extension	  of	  current	  numerical	  
capabili)es.	  

Excited	  and	  autoionizing	  states	  are	  relevant	  for	  current	  and	  next	  
genera)on	  light	  source	  experiments.	  	  
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Our	  Tools	  Include	  

1) Q-‐CHEM	  	  	  	  	  	  	  Quantum	  chemistry	  program,	  Mar)n	  Head-‐Gordon	  et	  al	  

	   Over	  3	  million	  lines	  of	  code.	  	  Over	  55,000	  copies	  distributed.	  	  Over	  
100	  ac)ve	  developers.	  	  Small	  scale	  parallel,	  mostly	  mid-‐scale	  
compu)ng,	  current	  focus	  on	  OpenMP.	  

2)	  LIBTENSOR	  	  	  	  	  Library	  for	  tensor	  algebra,	  Evgeny	  Epifanovskiy	  

	   hip://iopenshell.usc.edu/downloads/tensor	  

	   Used	  for	  all	  correlated	  methods	  in	  Q-‐CHEM	  
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Two	  Computa)onal	  Challenges	  

1) Scalable	  electronic	  structure	  

2) Linear	  algebra	  with	  complex	  symmetric	  matrices	  

I	  will	  describe	  these	  CHALLENGES,	  the	  TASKS	  involved,	  	  
	   and	  our	  STRATEGIES	  for	  each	  task.	  
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Challenge	  1:	  Scalable	  Electronic	  
Structure	  

Quantum	  chemistry:	  Gaussian	  basis	  func4ons.	  

 	  	  Order	  N4	  two	  electron	  matrix	  elements	  (1/r12)	  to	  compute,	  	  
	   N=number	  of	  Gaussian	  basis	  func)ons	  (size	  of	  molecule).	  

A) Makes	  transforma)ons	  of	  these	  integrals	  slow,	  which	  fact	  is	  relevant	  
to	  methods	  that	  op)mize	  orbitals	  and	  that	  form	  the	  core	  of	  this	  
project	  e.g.	  EOM-‐CCSD,	  equa)ons	  of	  mo)on	  coupled	  cluster	  with	  
single	  and	  double	  excita)ons.	  

	   Two	  index	  transforma)ons	  performed	  in	  Order	  N6	  opera)ons,	  
rate	  limi)ng	  step	  for	  CCSD	  /	  EOM-‐CCSD	  

B)	   Matrix	  diagonaliza)on	  (Configura)on	  Interac)on):	  	  Matrices	  to	  
diagonalize	  are	  not	  very	  sparse	  and	  have	  nontrivial	  structure.	  
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Tensor	  Decomposi)ons	  for	  two	  
electron	  integrals	  

Want	  to	  make	  an	  approxima)on	  by	  which	  we	  can	  reduce	  the	  
effort	  required	  to	  store	  and	  manipulate	  the	  two	  electron	  
matrix	  elements.	  

Like	  	  representa)on	  of	  a	  nonseparable	  operator	  as	  a	  sum	  of	  
separable	  terms.	  

Not	  really.	  

1/r ≈ f1(x)f1(y)f1(z) + f2(x)f2(y)f2(z) + ...?
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More	  than	  one	  resolu)on	  of	  the	  iden)ty	  approxima)on	  	  
	   sa)sfies	  the	  above	  equa)on.	  

SVS	  approxima)on	  

V	  approxima)on	  

Tensor	  Decomposi)ons	  for	  two	  
electron	  integrals	  

Resolu)on	  of	  the	  iden)ty	  

�ij| 1
r12

|kl� ≈
�

αβ

pikα qαβ pjlβ
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Tensor	  Decomposi)ons	  for	  two	  
electron	  Integrals	  

Canonical	  decomposi)on	  
	   Symmetry	  of	  two	  electron	  matrix	  elements	  not	  naturally	  accounted	  for	  

Cholesky	  decomposi)on	  

Formula	  equivalent	  to	  resolu)on	  of	  the	  iden)ty	  

Resolu)on	  of	  the	  iden)ty	  or	  Cholesky	  decomposi)on:	  	  	  
	  	  	  	  Permits	  keeping	  two	  electron	  matrix	  elements	  in	  memory.	  
	  	  	  	  But	  currently	  no	  reduc)on	  in	  scaling	  (s)ll	  N6	  for	  CCSD)	  due	  to	  certain	  terms	  

Math	  has	  to	  be	  done	  to	  carry	  tensor	  decomposi)ons	  through	  and	  achieving	  
beier	  scaling	  of	  calcula)on	  with	  respect	  to	  basis	  func)ons	  is	  not	  
straighporward.	  

�ij| 1
r12

|kl� ≈
�

α

wiα xjα ykα zlα

�ij| 1
r12

|kl� ≈
�

α

Lα
ik Lα

jl
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Tensor	  Decomposi)ons	  for	  two	  
electron	  Integrals	  

TASK:	  	  Improve	  scaling	  of	  CCSD	  to	  less	  than	  N6	  

STRATEGIES:	  

1)	  	  	  Working	  on	  problema)c	  terms.	  

2)	  	  	  Canonical	  decomposi)on	  of	  Cholesky	  factors.	  	  Nonlinear	  fiqng	  problem.	  	  	  

	   	  

In	  order	  to	  find	  the	  op)mal	  decomposi)on,	  sample	  approach	  of	  	  
Friedland	  S,	  Mehrmann	  V,	  Miedlar	  A	  and	  Nkengla	  M	  	  
Fast	  low	  rank	  approxima)ons	  of	  matrices	  and	  tensors	  	  

3)	  	  	  Tensor	  hypercontrac)on	  algorithm	  of	  Hohenstein,	  Parrish,	  Mar)nez	  &	  
coworkers	  

Lα
ij ≈

�

γ

xαγ yiγ zjγ
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Tensor	  Decomposi)ons	  for	  
Precondi)oning	  Hamiltonian	  Matrix	  
Algebraic	  precondi4oner	  via	  low-‐rank	  approximate	  factoriza4on	  
Using	  low	  rank	  approxima)ons	  to	  Hamiltonian	  matrix	  in	  order	  to	  
precondi)on	  Hamiltonian	  matrix.	  	  Work	  of	  Xiaoye	  (Sherry)	  Li	  	  
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Tensor	  Decomposi)ons	  for	  
Precondi)oning	  Hamiltonian	  Matrix	  
Algebraic	  precondi4oner	  via	  low-‐rank	  approximate	  factoriza4on	  
Using	  low	  rank	  approxima)ons	  to	  Hamiltonian	  matrix	  in	  order	  to	  
precondi)on	  Hamiltonian	  matrix.	  	  Work	  of	  Xiaoye	  (Sherry)	  Li	  	  	  
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Hybrid	  grid/Gaussian	  method:	  

Combined	  method	  with	  both	  grid	  basis	  func)ons	  and	  standard	  Gaussians.	  	  	  

Appropriate	  for	  arbitrary	  excita)on	  and	  ioniza)on	  of	  up	  to	  two	  electrons	  
(with	  all	  other	  electrons	  ac)ve	  as	  well).	  	  	  

Goal	  is	  an	  accurate	  descrip)on	  of	  metastable	  states	  of	  small	  systems	  for	  
new	  ultrafast	  light	  source	  experiments.	  

Challenge	  1:	  Scalable	  Electronic	  
Structure	  
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Two	  electron	  matrix	  elements	  are	  DIAGONAL	  and	  
TRANSLATIONALLY	  INVARIANT	  just	  like	  the	  poten)al,	  1/r12	  

Four	  index	  tensor	  	  one	  index	  tensor	  (size	  similar	  to	  that	  of	  wave	  
func)on	  vector)	  

The	  opera)on	  of	  the	  two	  electron	  part	  of	  the	  Hamiltonian	  can	  
always	  be	  done	  locally	  (no	  communica)on).	  	  	  

Hybrid	  method:	  Grid	  basis:	  Key	  
``approxima)on’’	  

�ij| 1
r12

|kl� ≈ δik δjl v(i−j)
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Works	  unnaturally	  well.	  

Hydrogen,	  grid	  spacing	  0.6	  atomic	  units	  (Bohr	  radii)	  

	   E=	  -‐0.494	  Atomic	  units	  (hartree)	  	  	  	  	  	  	  -‐0.5	  atomic	  units	  actual	  

Helium,	  grid	  spacing	  0.4	  atomic	  units	  

	   E=	  -‐2.866	  Atomic	  units	  	  	  	  	  	  	  	   	   -‐2.903	  atomic	  units	  actual	  

Hybrid	  method:	  Grid	  basis:	  Key	  
``approxima)on’’	  
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Hybrid	  method:	  Tensor	  Structure	  

Large	  Hamiltonian	  matrices	  naturally	  expressed	  as	  tensor	  decomposi)ons.	  

E.g.	  

6

〈

ijαβ

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

klγδ

〉

=
∑

!P

ε!P

[

δαAδβB ! ij||ab "

+ δαA(1 − P )ia

(

! jβ||bB " − ! jβ||Bb "

)

− δβA(1 − P )ia

(

! jα||bB " − ! jα||Bb "

)

− δαA(1 − P )ja

(

! iβ||bB " − ! iβ||Bb "

)

+ δβA(1 − P )ja

(

! iα||bB " − ! iα||Bb "

)

+ (1 − P )ia(1 − P )jb ! αβ||AB "

]

〈

ijαβ

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

kγδχ

〉

=
∑

!P

ε!P

[

(1 − P )ia

(

δβC ! jα||AB "
)

−(1 − P )ja

(

δβC ! iα||AB "
)

−(1 − P )ia

(

δαC ! jβ||AB "
)

+(1 − P )ja

(

δαC ! iβ||AB "
)

+ δαBδβC

(

! ij||aA " − ! ji||aA "
)]

〈

ijαβ

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

γδχη

〉

=
∑

!P

ε!P δαCδβD ! ij||AB "

(22)

For the first equation, we have four permutations {a, b} = {k, l}, {A, B} = {γ, δ}; for the second, six permutations
a = k and {A, B, C} = {γ, δ, χ}, and for the fourth, twenty-four permutations {A, B, C, D} = {γ, δ, χ, η}.

〈

iαβγ

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

kδχη

〉

=
∑

!P

ε!P

[

(1 − P )iaδαA ! βγ||BC " +(1 − P )iaδβA ! γα||BC " +(1 − P )iaδγA ! αβ||BC "

− δαBδβC ! iγ||Aa " −δβBδγC ! iα||Aa " −δγBδαC ! iβ||Aa "
]

〈

iαβγ

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

δχηζ

〉

=
∑

!P

ε!P

[

δβCδγD ! iα||AB " +δγCδαD ! iβ||AB " +δαCδβD ! iγ||AB "
]

〈

αβγδ

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

χηζω

〉

=
∑

!P

ε!P

[

δγCδδD ! αβ||AB " −δβCδδD ! αγ||AB " −δγCδβD ! αδ||AB "

− δδCδαD ! βγ||AB " +δγCδαD ! βδ||AB "

+ δαCδβD ! γδ||AB "
]

(23)

The last two equations should be equivalent to Slater’s rules: with only one DVR function, the bra and ket are
orthonormal; the DVR function in the second to last is just an additional orbital, orthogonal to the others. Analagous

3

V. USING MODIFIED DVR FUNCTIONS

Instead, I propose to use orbitals that are mutually orthogonal as usual, and a modified DVR basis χ (no tilde)
in which each member of the basis is orthogonal to all the orbitals, but in which the modified DVR functions are
not orthogonal among themselves and in fact are linearly dependent. There are the same number of modified DVR
functions and primitives. The modified DVR functions are NOT simply made by Gram-Schmidt orthogonalizing each
individual bare DVR function to all the orbitals. The modified DVR functions are sums of primitive DVR functions
only.

χi("q) =
∑

k

χ̃k("q)(δik − Pik) s.t. ∀α〈χi|φα〉 = 0 (10)

The entries of the matrix P could be obtained as follows: Take the non-zero eigenvectors of the matrix Qij =
∑

α ciαcjα, the vectors satisfying Qvα = λαvα with λα %= 0 (the range of i or j is much bigger than the range of α).
Gram-schmidt orthogonalize each primitive dvr function to each vector v: Normalize these vectors v (there will be the
same number of them as orbitals) and define P as the projector Pij =

∑

α viαvjα, satisfying P 2 = P . The modified
DVR functions satisfy the relationships

〈φα|φβ〉 = δαβ

〈χi|χj〉 = (1 − P )ij

〈χi|φα〉 = 0
(11)

The commutation relationship for the creation and annihilation operators of the modified DVR basis is

a†
iaj =

∑

kl

(δjl − Pjl)(δik − Pik)(δkl − ãlã
†
k) = (δij − Pij) − aja

†
i (12)

This is the same as the commutation relationship for permuting modified and unmodified DVR operators,

a†
i ãj =

∑

k

(δik − Pik)(δkj − ãj ã
†
k) = (δij − Pij) − ãja

†
i (13)

So for two electrons we have the commutation relations, for either modified with unmodified or modified with
modified,

ajaia
†
ka†

l = a†
ka†

l ajai+(1−P )ik(1−P )jl−(1−P )jk(1−P )il+(1−P )jka†
l ai+(1−P )ila

†
kaj−(1−P )ika†

l aj−(1−P )jla
†
kai

(14)

ãj ãia
†
ka†

l = a†
ka†

l ãjãi+(1−P )ik(1−P )jl−(1−P )jk(1−P )il+(1−P )jka†
l ãi+(1−P )ila

†
kãj−(1−P )ika†

l ãj−(1−P )jla
†
kãi

(15)
We will use determinants with at most two modified primitive DVR functions, and at least N-2 orbitals. We have

|ij"n〉 Two modified primitives, |ĩj"n〉 two primitives
|iα"n〉 One modified primitive, etc.
|αβ"n〉 Zero modified primitives

(16)

We have

|ij〉 =
∑

kl

(δik − Pik)(δjl − Pjl)|k̃l〉 (17)

and we may, as usual, use a a list of basis determinants with modified DVR functions |ij"n〉 in which i > j. Through
the above sum we are expanding in a list of slater determinants that includes both |k̃l〉 and |l̃k〉.

VI. MATRIX ELEMENTS AMONG SLATER DETERMINANTS

A. Overlaps

Overlaps: a direct application of Eq.(14) yields – notice that δ#n#m factors out (overlap is block diagonal in the “base
configuration” index "n)

〈kl"m|ij"n〉 = δ#n#m ((1 − P )ki(1 − P )lj − (1 − P )kj(1 − P )li) (18)
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Hybrid	  method:	  Tensor	  Structure	  

Kine)c	  energy	  

For	  two	  electrons,	  we	  operate	  with	  the	  1D	  kine)c	  energy	  six	  )mes.	  

[TΨ]ijklmn =
�

Q

t(i−Q)ΨQjklmn + t(j−Q)ΨiQklmn + ...
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Hybrid	  method:	  Tensor	  Structure	  

TASK:	  	  Effec)vely	  precondi)on	  linear	  equa)ons	  for	  itera)ve	  
solu)on	  of	  eigenvector/eigenvalue	  equa)on,	  accoun)ng	  for	  
tensor	  structure.	  	  

STRATEGY:	  Incorporate	  Algebraic	  Precondi)oner	  via	  low-‐
rank	  approxima)on	  into	  hybrid	  method.	  
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Challenge	  2:	  Linear	  Algebra	  for	  
Complex	  Symmetric	  Matrices	  

For	  metastable	  states	  our	  Hamiltonian	  matrices	  are	  complex	  
symmetric.	  

Standard	  quantum	  chemistry	  eigensolvers	  designed	  for	  
Hermi)an	  problems	  are	  not	  applicable	  to	  complex	  symmetric	  
matrices.	  

TASK:	  Develop	  and	  deploy	  cucng	  edge	  methods	  for	  
eigenvectors	  and	  eigenvalues	  that	  are	  appropriate	  for	  
complex	  (symmetric)	  matrices	  

STRATEGY:	  	  Implement	  methods	  under	  development	  by	  C.	  
Yang	  within	  Q-‐CHEM	  and	  within	  the	  hybrid	  method.	  

22	  



Methods	  That	  Fail	  for	  Complex	  
Symmetric	  Matrices	  

Implicitly	  restarted	  Arnoldi:	  

Needs	  ``implicit	  filtering’’	  for	  good	  convergence	  with	  restarts.	  

Implicit	  filtering	  removes	  unwanted	  spectral	  components	  from	  star)ng	  
block	  of	  vectors	  of	  Arnoldi	  algorithm.	  

However	  there	  are	  too	  many	  unwanted	  spectral	  components	  to	  filter	  
because	  we	  are	  dealing	  with	  interior	  eigenvalues.	  

Davidson	  diagonaliza4on	  is	  the	  basis	  of	  many	  quantum	  chemistry	  
configura)on	  interac)on	  codes	  including	  Q-‐CHEM.	  	  Steepest	  descent	  
method	  not	  directly	  applicable	  to	  complex	  matrices	  
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Methods	  That	  May	  Work	  for	  Complex	  
Symmetric	  Matrices	  

Inverse	  subspace	  itera)on:	  underlying	  linear	  equa)ons	  need	  to	  be	  solved	  
accurately	  

Makes	  it	  harder	  for	  interior	  eigenvalues	  

Im(E)	  

Re(E)	  

E	  =	  -‐114.68	  –	  10-‐6i	  
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Methods	  That	  May	  Work	  for	  Complex	  
Symmetric	  Matrices	  

Jacobi	  Davidson:	  Applicable	  to	  complex	  symmetric	  matrices.	  	  One	  
eigenpair	  is	  computed	  at	  a	  )me;	  a	  block	  algorithm	  is	  more	  desirable.	  

Itera)ons	  

Residual	  error	  
Four	  eigenvalues	  
Computed.	  
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Methods	  That	  May	  Work	  for	  Complex	  
Symmetric	  Matrices	  

Generalized	  Precondi)oned	  Locally	  Minimum	  Residual	  Method	  

•  Block	  algorithm	  
•  Mul)ple	  levels	  of	  parallelism	  
•  Easy	  to	  incorporate	  a	  precondi)oner	  

PLMR	  developed	  by	  Eugene	  
Vecharynski,	  PhD	  thesis.	  

Surprisingly	  good	  convergence	  for	  
both	  real	  and	  complex	  symmetric	  
problems.	  

Uses	  Krylov	  space	  for	  
precondi)oned	  (always	  
nonsymmetric)	  linear	  equa)on.	  

Convergence	  of	  GPLMR	  

Re
si
du

al
	  e
rr
or
	  

Itera)on	  
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Methods	  That	  May	  Work	  for	  Complex	  
Symmetric	  Matrices	  
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Complex	  contour	  integral	  idea	  for	  calcula)ng	  eigenvectors	  V	  
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