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Why and how shouldwe study fundamentals of plasma turbulence
Despite similarities, plasma turbulence differs from Navier-Stokes turbulence.

I Results do not simply carry over from fluids to plasmas.
Although manifestations of plasma turbulence are extremely diverse, they
share a common underlying structure, thus general results can find broad
practical application.

I Example cross-cutting topics:
I Wave-turbulence interaction
I Turbulence interaction with large-scale flows and fields
I Energy cascade in 5- or 6-D phase space

Plasma turbulence is ubiquitous in nature and the lab, so it can be studied
with existing devices and codes.

I Funds need to be allocated for turbulence-focused run time and diagnostics.
KEY: This research must be focused and leveraged by input from dedicated
analytical and semi-analytical study.
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In plasmas, unlike Navier-Stokes, linear terms provide
sources and sinks at many scales.
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Navier Stokes Plasma turbulence
I Large-scale stirring. I Instabilities at many scales.
I Small-scale viscosity. I Damped waves at many scales.
I Large inertial range:
nonlinear transfer only.

I May be no inertial range.

I In plasmas, we must also consider energy transfer between fields
(e.g. n↔ u‖e ↔ φ), equivalently between linear eigenmodes.
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Energy source is neither outside forcing nor purely linear.

I N-S: Energy source is outside forcing.
I Next step: Energy from linearmodes alone.

I Linear instabilities⇒source
I Nonlinear terms⇒transfer
I Damped modes⇒sink

I But in plasmas, the nonlinearities can
affect the energy source term:

I Submarginal turbulence: turbulence
without any unstable linear eigenmode.

I Requires:
I Non-normal linear operator
I Favorable nonlinear energy transfer
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Figure 1. Squared amplitude and transport levels for initial states of various
rms amplitudes given by A0 values one order of magnitude apart, as given in the
text. For small A0 the disturbances decay, while beyond a threshold the nonlinear
dynamics is strong enough for the turbulence to self-sustain.

3. Establishing the nonlinear instability

To establish the nonlinear instability one must find a situation where the linear damping
mechanisms function properly for a reasonable grid resolution. Due to the combination of
finite resolution and field line connection the linear system will always produce spurious grid
modes after a finite time, even though these do not play a role in the turbulence due to the
latter’s finite correlation time (cf [4]). The onset of grid modes may be sufficiently delayed by
choosing a very fine resolution in the x direction. We do this by increasing the x resolution by
a factor of 4, leaving 256 × 256 grid nodes within an unchanged xy domain. For these cases
the boundaries were periodic, set up as in appendix A of [31], and the magnetic shear was set
to ŝ = 1.2, in keeping with the domain aspect ratio of 4 (further comments on the choice of
boundary conditions are given in section 5, discussing the situation on closed, nested, toroidal
flux surfaces). The parameters were τi = 0, C = 10 and β̂ = µ̂ = 0.1, setting up the cold-ion,
collisional, electrostatic case, and ϵ̂ = 100, small enough so that the sound waves stabilize the
linear modes (these choices were also taken to put the situation close to that of the original 2D
slab models described in [7]). The prototypical nonlinear instability is then shown using the same
initial state, except for an overall scaling of A0 = 3 × [10−3, 10−2, 10−1, 100, 101], as shown in
figure 1. The squared amplitude and transport are defined as ⟨p̃2

e⟩/2 and ⟨p̃ev
x
E⟩, respectively,

averaged over each of the grid nodes.
Two things tell us that this is a nonlinear instability. First, the cases at very low amplitude

find linear stability, since the nonlinearities are arbitrarily small. The general linear stability is
underscored by the fact that all available degrees of freedom were initially excited, so that a
serendipitous degree of symmetry is avoided. At finite initial amplitude, however, the nonlinear
effects are present and the result is fully developed, statistically stationary turbulence. Second,
there is a definite threshold in this initial amplitude level. If the disturbances are too small
at t = 0, the nonlinearities are too small to affect the linear dynamics, and the disturbances
decay. If the initial disturbances are strong enough, however, the turbulence sustains itself, with
an eventual saturated amplitude independent of the initial one, provided the latter is over the
threshold. The monotonicity of this result confirms that the nonlinearities are the cause of the
instability and, at the same time, the mechanism by which the turbulence sustains itself.

New Journal of Physics 4 (2002) 52.1–52.30 (http://www.njp.org/)

Scott New J. Phys 4: 52 (2002)
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FIG. 15. Localization through par$lel ion motion. (a) Spectrum of relative 
amplitudesofthe $,, , to the it and T, showing relative depletion of ir,, at long 
wavelength and enhancement at short wavelength. Case for (a)-(c) is 
a,, = 1.5. (b) Energy flow in coupling between ion motion and electron dy- 
namics. Circles reflect groups ofk, components (low k, at left), for energy- 
containing and shorter-wavelength modes. Solid lines give nonlinear trans- 
fer tendencies; dashed, linear coupling adjustment needed to keep structure 
in balance; dotted, pathways toion dissipation. (c) Ratioofion damping I’, 
to energy in ion motion E, for each mode, showing I$ most effective at 
short wavelengths. (d) Relative amplitude of ir,,, as in (a), but for the 
a, = 0.2 (decaying) case, showing independent action of the spectral re- 
gions. 

components are losing more energy to dissipation than they 
gain from the gradients (see Fig. 12), and the turbulence is 
doomed to decay. 

Finally, a series of individual snapshots of this ampli- 
tude ratio spectrum is shown in Fig. 16 for the casea, = 0.5. 
As the level of 4 reaches its nadir near w* t = 10, the peak 
between long and intermediate wavelengths is most pro- 
nounced. The bunching of flows rescues the situation just in 
time [Figs. 10(c)-10(e) 1, and thelong-rangespectral inter- 
action has been firmly established by w, t = 18. [This takes 
somewhat longer for the (ii,, ,4) system than for the (fi,?‘,,i) 
system because C 1’2 < L - I.1 

What the results of this section show is further evidence 
that the long and intermediate wavelengths must act collec- 
tively for the turbulence to self-organize and achieve self- 
sustainment. Cases in which they fail are those in which the 
turbulence decays. 

VII. THE MECHANISM OF SELF-ORGANIZATION AND 
SELF-SUSTAINMENT 

A schematic of the interactions that preserve the self- 
organized state allowing such vigorous free energy access 
sufficient to achieve self-sustainment in the absence of linear 
instabilities is illustrated in Fig. 17. It should be remembered 
during this discussion that self-organization is a simulta- 
neous, statistical, collective interaction. Nevertheless, it is 

FIG. 16. Localization through parallel ion motion, time sequence for the 
marginally sustaining case, a, = 0.5. Relative amplitude of the fi,, to the ii 
and?,foreachk,component,ato,t=6(a), 10(b), 14(c),and 18 (d). 
The spectral regions are separated during the decay phase, but once seIf- 
organized structure is well established, they act collectively (d). Compare 
with Fig. 15. 

instructive to look separately at each of the ingredients. 
Three scales, or wavelengths, are discussed: “long wave,” or 
low k,, , k,, Z k,, which corresponds to the longest available; 
“mid-wave,” or mid-k,,, k,,AD - 1, the spectral region of 
maximum free energy feed and collisional dissipation; and 
“short wave,” or high k,,, k,, AD > 1, the smaller scales. The 
self-organized structure can be characterized as follows, 

’ , 
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FIG. 17. A schematic illustrating the process of self-organization, which 
allows the turbulence to maintain high-amplitude saturation (“self-sus- 
tain”) in the absence of Iinear instabilities. Each process is marked by a 
number and discussed in the corresponding paragraph in Sec. VII. In the 
energy flow diagram, the boxes reflect the long-, mid-, and short-wave spec- 
tral components. Solid lines give nonlinear transfer tendencies, and dashed 
lines the “return flow” through the magnetic shear-induced parallel cur- 
rents. Large solid and dashed arrows give the relative free-energy feed and 
dissipation rates. The net, I, is shown at the upper right. Contours of p 
(solid lines: positive; dashed: negative) are schematically shown in the pres- 
ence of the EXB flows. The 2-D power spectrum, S(k,,w), corresponds 
also to Fig. 6. 

2482 Phys. Fluids B, Vol. 4, No. 8, August 1992 Bruce D. Scott 2482 
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Scott Phys. Fluids B 4: 2468 (1992)
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Linear decorrelation can affect nonlinear energy transfer.

For energy transfer, two quantities must stay
correlated for some time τc . What sets τc?

I Weak turbulence regime: wave dispersion
dominates decorrelation

I Allows rigorous perturbation expansion.

I Strong turbulence: turbulent eddies
dominate decorrelation.

I More common, no rigorous expansion.
I Linear decorrelation often still matters:

I Magnetized plasmas:
Often, physics linear ‖ B→
e.g. Critical balance

I Rhines length in geophysics:
Anisotropic wave dispersion→ZFs

140 S. V. Nazarenko and A. A. Schekochihin
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Figure 1. A sketch of cascade path and spectra for the rotating turbulence: both the case
of injection at k⊥ = k∥ = k0 (and Ro ≪ 1) and that at k∥ ≪ k⊥ = k2D are shown (see §§ 4.1 and
4.3). In the case of polarisation alignment, scalings shown in the two upper panels should be
modified as explained in § 4.5. The absence of the parallel cascade in the weak regime is a
simplifying assumption, as acknowledged at the start of § 4.1.

with small initial Ro (figure 5b in Morize, Moisy & Rabaud 2005), although it is
premature to say if these results are definitely related to the transition to CB or merely
to instrumental noise at high wavenumbers. What does seem to be known definitely is
that rotating turbulence has a clear tendency to a state where the local effective value
of the Rossby number is ∼1, i.e. the linear and nonlinear time scales are comparable
and both linear and nonlinear dynamics are manifestly present (Davidson et al. 2006).
This is consistent with the transition to CB that we are proposing and the non-trivial
prediction is that, whereas the spectrum is Kolmogorov for wavenumbers above this
transition k⊥ >k⊥c, the turbulence remains anisotropic up to the second transition
wavenumber ki .

In designing or interpreting both laboratory and numerical experiments to test
our predictions, one has to be mindful of the following caveat. In order for the full

Nazarenko and Schekochihin

J. FluidMech 677: 134 (2011)28.7
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Figure 3. Crossover from linear (inside lobe) to nonlinear behaviour (outside).
The inverse cascade will favour structure formation with low ky and finite kx, for
example zonally extended structures.

The crossover from the linear to the nonlinear regime is estimated by comparing the relevant
characteristic frequencies obtained from the flow generating nonlinearity ωturb = k4φ/(1 + k2)
and the linear term allowing wavemotion ωwave = ky/(1 + k2). Using an average velocity
U = kφ to describe the energy contained in the turbulence and approximating ky ≈ k we easily
equate the isotropic, in the fluid context so-called Rhines length [19, 20] as

lRhines =
√

U. (14)

Note that within our normalization the inverse gradient scale length κn has been absorbed into
the definition of U . Reconsidering the anisotropy of the linear wave term we correspondingly
arrive at

kRx =
√

1/U
√

sin(θ) cos(θ); (15)

kRy =
√

1/U
√

sin(θ) sin(θ). (16)

One should note that the scale at which this transition occurs depends strongly on the energy
contained in the fluctuations. Thus, in a driven system with growing energy we find that lRhines is
growing with time, while for decaying turbulence, smaller and smaller scales lose their capability
of nonlinear interaction as the energy content decays. In figure 3 the dumbbell-shaped line marks
the crossover from dominating nonlinear behaviour outside, while for smaller k, for example
larger scales, linear, wavelike motion dominates [21]. For k-values inside the dumbbell linear
decorrelation makes an effective nonlinear energy transfer into these modes unlikely; structures
with a finite kx and ky → 0 are preferred by the inverse cascade that describes the general
direction of energy transfer in two-dimensional turbulence. This corresponds to the nonlinear
generation of zonal flows, while the generation of streamer-like structures, for example finite ky

and kx → 0, is suppressed.

New Journal of Physics 4 (2002) 28.1–28.18 (http://www.njp.org/)

Naulin New J. Phys 4: 28 (2002)
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Interaction of turbulence and large scale flows and fields:

Nonlinear beating of small-scale turbulent
fluctuations generates a large scale structure,
which often saturates by modifying the
turbulence that formed it.

Well-known examples include
I ZFs in tokamaks and geophysics
I Magnetic dynamo
I Intrinsic rotation

co

ctr

activity TN [Fig. 2(b)] shows no significant transfer be-
tween turbulence and fluctuations with m ¼ 1 (k! ¼ 0:2).
m ¼ 1 density fluctuations would be a signature of a GAM.
Hence, this finding is consistent with the theoretical ex-
pectation [18] that GAMs tap their energy from the zonal
flow and not from broadband turbulence.

The experimental findings from above are now inter-
preted with the help of Fig. 3. It sketches the temporal
evolution of eddies embedded in a large-scale strain
field as from the zonal-flow vorticity. The two figures differ
mainly in the third time step. In the second step [Figs. 3(b)
and 3(d)] due to the flow shear the eddy will be tilted and
elongated [29]. Since the circulation of an eddy is con-
served, the velocity around the eddy is lowered and its
energy is reduced [30,31]. At the same time, the velocity of
the eddy is now mainly directed such that it reinforces the
large-scale strain [30,31]. Thus energy is transferred from
the eddy to the zonal flow by an elongation and tilting (and
thinning) of the eddy. This process is most effective if the
scale of the interacting flows is clearly different, as in the
case of zonal flows and small-scale vortices. A large-scale
eddy has a stronger vorticity and can persist unmodified (or
‘‘unmodulated’’) [32]. This is the reason why the energy
transfer to the zonal flow (but also in the inverse cascade
[19,30,31]) is highly nonlocal as confirmed by the present
analysis.

Finally, the meaning of the energy transfer for the re-
duction of turbulent transport is addressed. Since the
tilting-stretching mechanism transfers energy to the zonal
flow, the energy in the turbulence is reduced, which should
lead to reduced fluctuations amplitudes and transport. In
fusion research it is widely assumed that the eddies are
stretched and finally torn apart by the shear flow as shown
in Fig. 3(c). The breaking up of eddies does not cause
further energy transfer to the zonal flow, but it reduces the
step size of turbulent diffusion and therefore should reduce
transport.

In fluid turbulence it is observed, however, that in-
stead of breaking apart smaller eddies are further elon-
gated and coiled up by the larger flow [29,33,34]. The
elongated eddies are finally destroyed by a straining-out
process [33,34]. This corresponds to the illustration in
Figs. 3(d)–3(f). In this process the entire energy of the
eddy can be transferred to the zonal flow and additional
energy is taken out of the fluctuations driving turbulent
transport. This mechanism is directly related to the gen-
eration process of the zonal flows. The fact that in experi-

FIG. 3. Artist’s view of the zonal-flow generation and accom-
panied turbulence decorrelation. (a)–(c) The common decorre-
lation mechanism: the eddies are torn apart. (d)–(f) Vortex
thinning mechanism: the eddies are taken over by the zonal flow.
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FIG. 2 (color online). (a) Nonlinear fluid kinetic energy transfer, (b) nonlinear density fluctuation activity transfer, and (c) nonlinear
fluid enstrophy transfer. Note that the resolution is only half of the one in Fig. 1.

PRL 103, 165004 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

16 OCTOBER 2009

165004-3

Manz et al PRL 103: 165004 (2009)

http://www.konkoly.hu/solstart/stellar_activity.html
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Plasma turbulence is fundamentally situated in phase space.
In both neutral fluid and plasma turbulence,
quadratic nonlinearities redistribute conserved
quantities across different scales, typically via an
incompressible flow. But this flow is located in
different spaces, which matters:

I Neutral fluids:
I In general, 3D: direct cascade
I Strongly anisotropic, 2D: dual cascade

I Plasmas
I 2D and 3D spatial descriptions can be

useful for certain problems, but:
I For collisionless plasmas, turbulence

rearranges the velocity-space as well as
real-space dependence, in a:

I In general: 6D, Boltzmann or Vlasov eqn
I Magnetized plasma: 5D, gyrokinetics

I Landau damping can be seen as a direct
cascade in velocity space.

Plunk et al, J FluidMech 664: 407 (2010)⇒

Hammett, UWisc Summer School (1993)
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Plasma turbulence can be studiedwith existing devices and codes.
Plasma turbulence is ubiquitous, both in nature and in the laboratory,
so it’s easy to find...

I Many codes exist today that are capable of simulating plasma
turbulence

I Small devices are good for fundamental studies:
I Relatively low cost
I Good diagnostic access
I Small size (eases numerical modeling)
I Many good devices exist today, including:

LAPD at UCLA, the U Texas Helimak, Pegasus and MPDX at
U Wisconsin, and LTX at PPPL

I Larger devices such as NSTX-U and DIII-D can also study plasma
turbulence.

I For large or small devices, funds need to be allocated for
turbulence-focused run time, possibly also diagnostics.

Stoltzfus-Dueck Fundamental study of plasma turbulence
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If you want a better answer, try asking a better question.

Stoltzfus-Dueck Fundamental study of plasma turbulence



Cross-cutting themes
Action plan

Analytical and semi-analytical study is necessary in order to
focus and leverage experimental and numerical work.
Analytical and semi-analytical methods can contribute greatly to the
fundamental study of plasma turbulence, since they can:

I Identify general trends and scalings
I Context for numerical and experimental studies, which are always

done at specific parameter values.
I Identify general bounds and inequalities.

I Avoid expensive investigation of questions whose answer turns out
to be obvious.

I Find general principles exposed by empirical results from
experimental and numerical work.

I Epicycles formed a good empirical description of the motion of
planets, but the central force law generalizes better...

Although any analytical model of turbulence must be incomplete,
analytical and semi-analytical theory forms a valuable (and cheap!)
partner to experimental and numerical studies of plasma turbulence.

Stoltzfus-Dueck Fundamental study of plasma turbulence
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Why and how shouldwe study fundamentals of plasma turbulence
Despite similarities, plasma turbulence differs from Navier-Stokes turbulence.

I Results do not simply carry over from fluids to plasmas.
Although manifestations of plasma turbulence are extremely diverse, they
share a common underlying structure, thus general results can find broad
practical application.

I Example cross-cutting topics:
I Wave-turbulence interaction
I Turbulence interaction with large-scale flows and fields
I Energy cascade in 5- or 6-D phase space

Plasma turbulence is ubiquitous in nature and the lab, so it can be studied
with existing devices and codes.

I Funds need to be allocated for turbulence-focused run time and diagnostics.
KEY: This research must be focused and leveraged by input from dedicated
analytical and semi-analytical study.
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