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Frontier: variational methods in plasma wave theory
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Why plasma waves?

= Waves play a key role essentially in all aspects of
plasma dynamics (RF, laser, quantum). As long
as we study plasmas, we have to study waves.

G. B. Whitham

Ray Tracing
and Beyond

Phase Space Methods in P ry

Why methods?

= Methodology is underrepresented in plasma
physics but is critical, e.g., for systematization.
The size of textbooks cannot grow indefinitely!

Why variational (field-theoretical) methods?

" Lingua franca of modern theoretical physics, can
help bridge plasma theory with other disciplines.

= Extremely useful for practical calculations.




%)) PPPL  Robustness and efficacy of modeling plasma waves needs improvement
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" Problem: Numerical and analytical wave models still lack robustness and efficacy.
For example, RF codes often produce contradicting results, while ab initio simulations remain too expensive.

= Cause: Equations for E are not natural:
complicated, not manifestly conservative...
Effects of approximations are hard to predict.
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= Solution: Find a variational principle and i
. : . PLASMA WAVES
approximate the functional instead of a PDE.
5/2 d"zdt =0
Challenges in full-wave modeling Challenges in reduced theories
symplectic integrators* (not in this talk) new basic physics (in this talk)

*e.g., Bridges and Reich, J. Phys. A: Math. Gen. 39, 5287 (2006)



PPPL Photon wave function & reparameterizations of the wave Lagrangian

PRINCETON

PLASMA PHYSICS
LABORATORY

* The natural variable describing the wave field in not E but a "photon wave function", v

£= L[ @w) — @] - o H(tx, ~i9)0

10 = H(t,x, —iV ), | YTy d"x = const

= Scalar waves in the geometrical-optics (~ WKB) approximation:

P(t,x) = B/ T(t,x) 0L : 08+ H(t,x,VHA) =0 — Hamilton-Jacobi

L=—-[00+H(tx,V0)|T 60 : 9T+ V-(v,Z)=0 — action conservation

= Point-particle limit (ray equations): Z(¢,x) = §(x — X(t))

L= [gdz=P -X-H(X,P) X =+0pH(t,X,P)
P =—0xH(t,X,P)

P(t) = VO, X (1))

Fundamental physics of waves as dynamics objects (not EM fields) is an open area.



Theory of everything. Applications to quantum particles & classical waves
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Application to particles: kinetics and hydrodynamics emerge as field theories without h

E? — B?
&1

L= — ZI@ [atgi + Hi(tu X, vg@)} +

Fluid Lagrangians are deduced without introducing
constraints; e.g., warm (Clebsch), relativistic (Klein-
Gordon), quantum (Madelung), Pauli (Takabayasi)...

L= —n[&ﬁnt% (V@—EA)2+€@} +
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Application to plasma waves:

E? — B?

o= (p,A;6,,T,...)"

0L
“o— (a) _ su
", = E 6gb(ﬁ) ¢, —d, L

Proc. Roy, Soc. A. 305, 1-25 (1968)
Printed in Great Britain

Variational principles in continuum mechanics

By R. L. Ser1ger Axp G, B. Warraay, F.R.S.
California Institute of Technology

= Example 1: Corrections to ray-tracing equations, new insights to quantum problems

= Example 2: Dispersion and dynamics of nonlinear waves

= Example 3: Wave kinetics, modulational dynamics, and ponderomotive forces



Example 1

Improving ray tracing



), PPPL Extended geometrical optics: polarization effects, not diffraction
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X = +Ow — 2 (KU)z
k = —dew + 21 (0,U)z

=10z

Ult,x,k) =

J

Ay

R wave rays in cold plasma
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Ruiz and Dodin ('15a, '15b)

= Standard ray equations are limited to scalar waves. Vector

waves exhibit additional "spin-orbital coupling".

P(t,x) = e Z(t,x, VO) alt,x)

S—— N~ S~
fast k slow
| 0= o= =t 0=
[a—x (Ho — Iyw) " K (Ho — Iyw) a—X] = O(\/L)

= E.g., weakly magnetized cold electron plasma:

Vw? kxk wy -k
U=o; - w R
2w kk 2wk
N ~~ 4 N——
inhomogeneity Faraday rotation

= The basic effect is known from optics, but is

= without spin COIEEENEE—_ more important in plasma due to larger A/L.
with spin corrections

cf. Littlejohn and Flynn ('91), Libermanand Zeldovich ('92),
Onoda et al ('04), Bliokh et al ('08)...

Challenge: implement polarization corrections in practical ray-tracing simulations



%;_ PPPL  Understanding plasma waves yields new insights to quantum problems
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The same theory yields a point-particle Lagrangian of an electron with spin. It is the first Lagrangian that
is formally deduced from a quantum Lagrangian and captures orbital and spin dynamics simultaneously.

: ih h ..
/SDiracd?’:L‘ =P - X-Hy + 5 (zT,é' — z'Tz) — §zT0'z - Q2
I ~ J N ~ P R/—/
L classical spin, S

Ruiz and Dodin (2015)

= Slow fields: the BMT theory is made conservative

Megr = M/ 1+ (a?) 1
S]BMTZi g—l—i—— B— Q—L VXE
m | \ 2 vy 2 7+1
X-, Y-, and Z-Components of Spin _ (g _ 1) 77 (B . V)V
2 v+1
)]
o = Oscillatory fields: ponderomotive Lagrangian of an electron
q§’ in a vacuum relativistic EM wave, arbitrary Ay grogiie/ Mem
£
: Q < V(A% x k
8 P dmy(w — k- V) (m + meg) (A7)
| k- V(A2 W
0 2 40 60 80 100 + (A% (kxP) - ———V(A*) x P
Time t w(m + meff) M+ Meg

cf. Gaioli & Alvarez ('98), Barut et al ('84-'93), Derbenev & Kondratenko ('73), Plahte ('67), Rubinow & Keller ('63), Pauli('32), Frenkel ('26)...



Example 2

Ponderomotive forces on classical waves
and applications to wave kinetics



@ PPPL Ponderomotive effects on classical waves: geometrical-optics limit

PRINCETON
PLASMA PHYSICS

LABORATORY

* |n a modulated medium, the slow dynamics is governed by the time-averaged Lagrangian

Leg = < [(%9 + H(t,x, VQ)]I>

— [3,56—{— Z‘[(t,X, Vé)J ]Z_:

W
new Hamiltonian
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= Example 1: Electron as a quantum wave

P2

2

e’ E|”

,H:

2m

4m(Q2 — K- P/m)?

= Example 2: Photon in modulated plasma

)1

=

Dodin and Fisch, PRL (2014)



@ PPPL  Photons as polarizable particles that contribute to the dielectric tensor
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= Suppose a LF modulation wave is coupled with many HF waves. Ponderomotive Hamiltonians
enter the self-consistent Lagrangian of the LF wave and determine the effective dielectric tensor

ponderomotive effect

self-consistent frequency, €2

00+ Q0+ 3, 8L 1S - L, 080T,

independent of (@, #)

bilinear

£=Lipo— / H(ELr) fur(k) d°k =

Eip-cer- Err

167

= Example: HF photons serve as polarizable particles and can cause Landau damping
(corrected theory, applies in inhomogeneous nonstationary plasma, extends beyond GO...)

AK) ~ Q(K) - " j(vk-[Kfan)J

8mno ) (2 —K v, wd

K

2 4 -
K w,, Jfo(k) BT
8m..npl2 wg

cf. Tsytovich (1970); Bingham et al (1997); Mendonca (2000); Dylov and Fleischer (2008) . . .

Challenge: explore ramifications for wave kinetics, turbulence...



Example 3

Understanding nonlinear waves
(recent developments)



@ PPPL Nonlinear variational theory captures even trapped-particle effects
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= Nonlinear wave Lagrangian is expressed through
oscillation-center (ponderomotive) Hamiltonians

E2 o B2
w k S OC energies

* H, can be found for any given parameterization
of the field. Then wave equations are obtained:

da: L£,=0
00 : 9L,—V-Lx=0

A310U2 2ABM

* Example: the 50-year-old problem of finding
the general shift dw ~ a,? is readily solved!

Liu and Dodin, PoP (2015); Dodin, FST (2014); Dodin et al, PRL
(2013a); PoP (2012a,b,c); PRL (2011); Schmit et al, PRL (2013b)

de(wo, k) ag [ o 9e(wo, k) © Wi 9e(wo, k) I wow, B
TEA0, V) ~ 7 s\, v 4 ol
|: 0(4)0 :| ow A 96 w[] Ow (z} 2 O 3 + 77\/% f{) (uﬂ) k3 +

“fluid” nonlinearity “kinetic” nonlinearity “beam

Challenges: nonlinear dissipation, EM theory, self-consistent reduced models...



Fundamental variational theory of plasma waves as a frontier: summary
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Importance of a consistent variational formulation:

= Leads to a systematic theory (critical in the long run)
= Lingua franca of modern theoretical physics, can help bridge plasma physics with other disciplines

= Extremely useful for practical calculations

Challenges:

= Rethink basic theory of plasma waves as a wave theory: plasma waves are not just EM fields

= Develop symplectic algorithms to practical full-wave modeling of linear RF and other plasma waves
= Implement polarization corrections in practical ray-tracing simulations

= Explore ramifications in nonlinear waves, wave kinetics, turbulence...

Sample applications discussed in this talk:

= Extended geometrical optics: ray bending, insights to quantum problems
= Ponderomotive forces on waves and wave kinetics, photons as polarizable particles

= Nonlinear waves: unifying nonlinear dispersion relation including both kinetic and fluid effects...

Fundamental theory of plasma waves is an open frontier of great importance.
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