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ADLB	  put/get	  

Applica/on	  Processes	  
ADLB	  Servers	  

Electromagne/c	  Transi/ons	  Magne/c	  Moments	  

Objec*ves:	  
•  Understand	  electromagne/c	  proper/es	  

and	  transi/on	  rates	  of	  light	  nuclei	  	  
•  Test	  realis/c	  interac/ons	  and	  currents,	  

including	  complete	  two-‐nucleon	  currents	  

Impact:	  
•  Much	  improved	  descrip/on	  of	  all	  moments	  

and	  electromagne/c	  transi/ons	  
•  Increased	  confidence	  in	  our	  ability	  to	  explain	  

electron	  and	  neutrino	  scaPering	  from	  nuclei	  

Accomplishments	  
Green’s	  Func/on	  Monte	  Carlo	  (GFMC)	  
calcula/ons	  of	  light	  nuclei	  give	  accurate	  
energies	  but	  a	  lowest-‐order	  theory	  of	  
one-‐body	  currents	  (blue)	  disagrees	  with	  
experiment	  (black).	  	  
	  
Including	  two-‐nucleon	  currents	  based	  on	  
effec/ve	  field	  theory	  (red)	  improves	  all	  
predic/ons!	  

Magne/c	  Moments	  and	  Transi/ons	  in	  Light	  Nuclei	  
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Quantum	  Monte	  Carlo	  

Single-‐,	  Two-‐Nucleon	  and	  Cluster	  Momentum	  
Distribu/ons	  in	  A	  ≤	  12	  Nuclei	  

Objec*ves	  
• Study	  the	  ground	  state	  proper/es	  of	  Λ-‐hypernuclei	  over	  
a	  wide	  mass	  range	  (3	  	  ≤	  	  	  A	  	  ≤	  	  	  91).	  

•  Inves/gate	  the	  effect	  of	  the	  presence	  of	  hyperons	  in	  the	  
inner	  core	  of	  neutron	  stars.	  

Impact	  
• Extension	  of	  ab-‐ini/o	  calcula/ons	  to	  the	  strange	  nuclear	  
sector.	  

• Provide	  the	  direc/ons	  for	  future	  theore/cal	  inves/ga/on	  
and	   for	   the	   next	   genera/on	   of	   terrestrial	   hypernuclear	  
experiments.	  

• New	   hints	   for	   the	   solu/on	   of	   the	   so-‐called	   hyperon	  
puzzle:	  connec/on	  between	  the	  theory	  of	  baryon-‐baryon	  
interac/on	  and	  the	  mass-‐radius	  rela/on	  in	  neutron	  stars.	  

Hyperon	  separa/on	  energy.	  The	   inclusion	  
of	   three-‐body	   hyperon-‐nucleon	   forces	  
provides	  a	  good	  descrip/on	  of	  the	  ground	  
state	  physics	  of	  Λ-‐hypernuclei	  over	  a	  wide	  
mass	  range.	  	  

Mass	   radius	   rela/on.	   Different	   models	   of	  
three-‐body	   hyperon-‐nucleon	   force	   predict	  
drama/cally	  different	  results	  on	  the	  maximum	  
mass	  of	  neutron	  stars.	  

Accomplishments	  
• Development	   of	   quantum	   Monte	   Carlo	  
methods	   to	   explore	   nuclear	   systems	   with	  
hyperons.	  

•  Improvement	   of	   exis/ng	   realis/c	   hyperon-‐
nucleon	  Hamiltonians.	  	  

• Point	  out	  the	  need	  of	  addi/onal	  hypernuclear	  
experimental	   input	   and	   further	   theore/cal	  
studies.	  

Electron	  and	  Neutrino	  ScaPering	  from	  4He	  and	  12C	  

Objec*ves	  
•  Compute	  the	  electron	  scaPering	  of	  4He	  and	  12C	  for	  which	  
accurate	  experimental	  data	  are	  available.	  

•  Within	   the	   same	   formalism,	   study	   the	   neutral-‐current	  
and	   charged-‐current	   response	   func/ons,	   fundamental	  
ingredients	  for	  describing	  neutrino-‐12C	  scaPering.	  

•  Inves/gate	   the	   energy	   dependence	   of	   the	   two-‐body	  
meson-‐exchange	  currents	  contribu/ons.	  

Impact	  
•  The	   calcula/ons	   of	   the	   Euclidean	   electromagne/c	  
response	   func/on	   of	   12C	   can	   be	   used	   to	   predict	   the	  
results	  of	  the	  latest	  electron-‐12C	  scaPering	  experiment	  of	  
JLab.	  

•  Accurate	  calcula/ons	  of	  electroweak	  response	  func/ons	  
are	   relevant	   to	   neutrino-‐nucleus	   scaPering	   experiment	  
(e.g.	   MiniBoone).	   Further	   work	   on	   charged-‐current	  
scaPering	  is	  planned.	  	  

Euclidean	   neutral-‐weak	   transverse	  
response	   func/ons	  of	   12C	   at	   q	   =	   570	  
MeV.	  Two-‐body	  currents	  increase	  the	  
one-‐body	   response	   in	   both	   the	  
quasielas/c	  and	  threshold	  regions.	  

Electron	   scaPering	   from	   4He	   at	   q	   =	  
600	   MeV	   obtained	   from	   the	  
corresponding	  Euclidean	  response	  by	  
using	  Maximum	  Entropy	  techniques.	  

Accomplishments	  
•  Development	   of	   an	   algorithm	   to	  
compute	   the	   Euclidean	   response	  
func/ons	   within	   Green’s	   func/on	  
Monte	  Carlo.	  

•  Using	  Maximum	  Entropy	  techniques	  
it	   is	   now	   possible	   to	   obtain	   the	  
electromagne/c	   response	   of	   4He	  
from	  the	  Euclidean	  response.	  

•  Two-‐body	   currents	   and	   nuclear	  
correla/ons	   have	   to	   be	   accounted	  
for	   in	  order	  to	  get	  good	  agreement	  
with	  experimental	  data.	  
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GFMC	  uses	  all	  the	  nucleon	  spin	  and	  isospin	  states	  and	  thus	  the	  computa/onal	  
cost	  increases	  rapidly	  with	  the	  number	  of	  nucleons.	  	  
	  
	  

Highly	  Parallel	  Green’s	  Func/on	  Monte	  Carlo	  for	  Nuclear	  Physics	  

•  At	  beginning	  of	  SciDAC,	  GFMC	  was	  compu/ng	  all	  of	  the	  above	  for	  A	  =	  10	  
(beryllium,	  boron)	  with	  a	  parallel	  manager/worker	  algorithm	  with	  load	  
balancing	  (2000	  MPI	  processes	  on	  IBM	  SP	  at	  NERSC).	  
–  The	  computa/on	  depended	  on	  doing	  several	  (	  >10	  )	  Monte	  Carlo	  

samples	  per	  process.	  
•  Computa/onal	  challenge:	  Wanted	  to	  do	  12C,	  an	  important	  nucleus,	  which	  was	  

within	  range	  with	  ~100,000	  processes.	  
–  Needed	  to	  use	  more	  processes	  than	  Monte	  Carlo	  samples,	  so	  had	  to	  

break	  one	  sample	  across	  mul/ple	  processes,	  leading	  to	  much	  finer	  grain	  
parallelism,	  and	  more	  complex	  task	  scheduling	  and	  load	  balancing	  

–  Wanted	  to	  maintain	  overall	  manager/worker	  structure	  
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Computer	  Science	  response	  via	  SciDAC:	  	  	  The	  Asynchronous	  Dynamic	  Load	  Balancing	  	  library	  (ADLB)	  
	  

•  ADLB	  is	  a	  library	  that	  implements	  a	  flexible	  and	  scalable	  scheduling	  and	  load-‐balancing	  system	  
for	  work	  units	  of	  varying	  types,	  sizes,	  and	  priori/es.	  
–  There	  is	  no	  manager	  process;	  rather,	  a	  subset	  of	  applica/on	  processes	  in	  constant	  communica/on	  with	  

one	  another	  is	  used	  to	  manage	  in	  the	  background	  a	  shared	  pool	  of	  work	  units.	  
–  Applica/on	  processes	  create	  and	  put	  	  work	  units	  into	  this	  pool	  and	  get	  and	  process	  work	  units	  from	  this	  

pool.	  
–  Sophis/cated	  (i.e.	  complicated)	  process-‐load	  balancing,	  memory-‐usage	  load	  balancing,	  and	  message-‐

traffic	  load	  balancing	  algorithms	  are	  used	  to	  achieve	  scalability	  without	  burdening	  the	  applica/on	  
programmer.	  

–  ADLB	  uses	  MPI	  and	  is	  also	  compa/ble	  with	  other	  MPI	  usage	  by	  the	  applica/on.	  
–  Work	  units	  can	  create	  sub-‐work	  units	  for	  ADLB	  to	  assign	  to	  other	  processors	  and	  return	  the	  results.	  
–  Work	  units	  can	  be	  parallelized	  with	  OpenMP.	  

•  Physics	  Results	  enabled:	  We	  were	  able	  to	  carry	  out	  the	  desired	  computa/ons	  for	  12C,	  including	  
Hoyle	  state	  and	  its	  decay	  rate	  to	  the	  ground	  state,	  with	  excellent	  scaling	  on	  BG/P.	  

•  Current	  and	  future	  work:	  
–  More	  demanding	  computa/ons:	  response	  func/ons	  for	  12C	  on	  BG/Q	  
–  Required:	  	  larger	  work	  packages,	  providing	  memory	  management	  challenges	  
–  Solu/on:	  	  new	  distributed	  memory	  management	  library	  (DMEM)	  in	  addi/on	  to	  ADLB	  

•  API	  summary:	  	  put,	  get,	  copy,	  free,	  get-‐part,	  update	  
•  User	  (applica/on	  or	  another	  library)	  refers	  to	  a	  memory	  object	  via	  a	  (small)	  handle,	  which	  

encodes	  its	  loca/on	  and	  size.	  
•  DMEM	  manages	  memory	  on	  all	  clients.	  	  Runs	  as	  separate	  thread,	  sharing	  memory	  with	  

applica/on	  processes,	  so	  local	  opera/ons	  are	  fast.	  
•  Op/miza/on:	  	  put	  and	  copy	  opera/ons	  are	  local	  if	  possible.	  
•  ADLB	  is	  then	  free	  to	  manage	  only	  DMEM	  handles,	  which	  are	  /ny,	  thus	  reducing	  requirement	  for	  

lots	  of	  servers	  just	  for	  memory	  reasons.	  
•  Looking	  ahead,	  size	  is	  of	  type	  MPI_Aint,	  which	  is	  typically	  a	  long	  int	  in	  C	  and	  an	  integer*8	  in	  

Fortran,	  thus	  suppor/ng	  large	  work	  packages.	  

–  VLMPI:	  	  MPI	  extension	  for	  >	  2GB	  messages	  
•  will	  be	  used	  by	  DMEM,	  thus	  providing	  large	  work	  packages	  for	  ADLB	  
•  Usable	  by	  other	  applica/ons	  

Transi/on	  form	  factor	  for	  decay	  of	  the	  12C	  Hoyle	  
state	  to	  the	  ground	  state.	  	  The	  GFMC	  result	  is	  in	  
excellent	  agreement	  with	  experiment.	  	  	  

Physics	  Problem:	  	  Determine	  the	  structure	  of	  nuclei,	  including	  ground	  state	  and	  spectrum	  of	  excited	  states,	  
electromagne/c	  form	  factors	  and	  	  transi/on	  rates.	  	  Theory	  versus	  experiment:	  	  In	  many	  cases,	  the	  experimental	  
results	  are	  known,	  but	  theory	  has	  suggested	  new	  which	  have	  then	  been	  observed.	  
	  
Computa/onal	  approach:	  	  Use	  Monte	  Carlo	  methods	  to	  predict	  the	  results	  of	  the	  many-‐nucleon	  Schrödinger	  
equa/on	  for	  realis/c	  2-‐	  and	  3-‐nucleon	  interac/ons.	  	  The	  strong	  nucleon	  spin	  and	  orbital	  angular	  momentum	  
correla/ons	  present	  in	  the	  interac/ons	  must	  be	  accounted	  for.	  
	  
Advantages:	  	  Monte	  Carlo	  does	  not	  require	  a	  basis	  expansion	  or	  fixed	  grids	  
	  
Difficul/es:	  	  Keeping	  track	  of	  every	  nucleon’s	  spin	  and	  isospin	  states:	  	  the	  number	  of	  spin	  states	  is	  2A	  	  	  	  	  	  	  ,	  where	  A	  
=	  #	  nucleons	  and	  Z	  =	  #	  protons.	  	  In	  Green’s	  func/on	  Monte	  Carlo	  (GFMC)	  these	  states	  are	  summed	  explicitly,	  
while	  in	  Auxiliary	  Field	  Diffusion	  Monte	  Carlo	  (AFDMC)	  they	  are	  sampled	  using	  Monte	  Carlo	  methods.	  GFMC	  is	  
more	  appropriate	  for	  Light	  Nuclei,	  AFDMC	  for	  heavy	  nuclei	  and	  maPer.	  

(	  	  )	  A	  
Z	  

The	  ADLB	  API:	  a	  Simple	  Programming	  Model	  

§  Basic	  calls	  
–  ADLB_Init(	  num_servers,	  am_server,	  app_comm)	  
–  ADLB_Server()	  
–  ADLB_Put(	  type,	  priority,	  len,	  buf,	  target_rank,	  answer_dest	  )	  
–  ADLB_Reserve(	  req_types,	  handle,	  len,	  type,	  prio,	  answer_dest)	  
–  ADLB_Ireserve(	  …	  )	  
–  ADLB_Get_Reserved(	  handle,	  buffer	  )	  
–  ADLB_Set_Done()	  
–  ADLB_Finalize()	  

§  Types,	  answer_rank,	  target_rank	  can	  be	  used	  to	  implement	  some	  
common	  paPerns	  
–  Sending	  a	  message	  
–  Decomposing	  a	  task	  into	  subtasks	  
–  Dependencies	  among	  tasks	  are	  dynamic	  and	  implemented	  via	  types	  

&	  priori/es	  

Weak	  Scaling	  in	  GFMC	  w/	  ADLB	  

Objec*ves:	  
•  Calculate	  single-‐,	  two-‐nucleon	  and	  cluster	  momentum	  distribu/ons	  in	  nuclei	  
•  These	  momentum	  distribu/ons	  are	  probed	  in	  back-‐to-‐back	  experiments	  at	  JLAB,	  BNL,	  

and	  Fermilab,	  including	  the	  rela/ve	  abundance	  of	  np	  vs	  pp	  pairs.	  
	  
Accomplishments	  
•  We	  have	  calculated	  these	  momentum	  distribu/ons	  in	  light	  nuclei	  up	  to	  Carbon	  (A=12)	  
•  Two-‐nucleon	  momentum	  distribu/ons	  have	  been	  evaluated	  for	  8	  nuclear	  states	  in	  pair	  

ST	  and	  pp,	  pn,	  nn	  projec/ons,	  as	  func/ons	  of	  rela/ve	  momentum	  q	  and	  total	  momentum	  
Q;	  the	  large	  ra/o	  of	  pn	  to	  pp	  pairs	  observed	  in	  (e,e’pN)	  experiments	  is	  easily	  understood	  
due	  to	  strong	  tensor	  force	  between	  pn	  pairs.	  

	  
Impact	  
of	  the	  abundance	  of	  np	  (vs	  pp	  or	  nn)	  pairs	  is	  understood	  as	  arising	  from	  the	  tensor	  NN	  
interac/on,	  which	  is	  important	  in	  rela/ve	  s-‐waves.	  
•  All	  these	  results	  are	  posted	  on-‐line	  as	  figures	  and	  tables,	  along	  with	  various	  cluster	  

distribu/ons	  like	  dp,	  tp,	  αd.	  	  (www.phy.anl.gov/theory/research/momenta)	  
	  
	  
	  
	  

Larger	  Nuclei	  and	  Neutron-‐Rich	  MaPer:	  	  
Auxiliary	  Field	  Diffusion	  Monte	  Carlo	  

Objec*ves:	  
•  Calculate	  heavier	  nuclei,	  including	  neutron-‐rich	  nuclei	  important	  in	  the	  r-‐process,	  using	  realis/c	  NN	  and	  NNN	  interac/ons.	  
•  Auxiliary	  Field	  Diffusion	  Monte	  Carlo	  methods	  sample	  the	  spins	  and	  isospins	  using	  Monte	  Carlo	  methods	  in	  addi/on	  to	  the	  spa/al	  

coordinates.	  	  Hence	  they	  can	  treat	  much	  larger	  systems	  

Accomplishments:	  
•  Realis/c	  NN	  inPerac/ons	  using	  Chiral	  Interac/ons	  have	  been	  used	  to	  calculate	  the	  propr/e	  of	  selected	  closed	  shell	  nuclei	  
•  The	  same	  AFDMC	  method	  has	  been	  used	  to	  calculate	  neutron	  maPer,	  nuclear	  maPer	  (isospin	  symmetric	  with	  N=Z,	  and	  maPer	  with	  as	  a	  

func/on	  of	  isospin.	  
•  Realis/c	  NNN	  interac/ons	  have	  been	  included	  in	  studies	  of	  neutron	  maPer,	  work	  is	  proceeding	  for	  nuclei	  and	  nuclear	  maPer	  

Impact	  
•  Two	  nucleon	  interac/ons	  alone	  underbind	  Oxygen	  and	  all	  light	  nuclei,	  but	  overbind	  heavy	  nuclei	  and	  nuclear	  maPer.	  
•  Calcula/ons	  of	  neutron	  maPer	  place	  severe	  constraints	  on	  the	  Equa/on	  of	  State	  and	  the	  mass-‐radius	  rela/ons	  of	  neutron	  stars,	  these	  will	  be	  

tested	  in	  upcoming	  gravita/onal	  wave	  experiments.	  
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FIG. 1. (color online) The energy per nucleon of symmetric
nuclear matter obtained using the Argonne AV60 and AV70

interactions, see the text for details. The blue diamond indi-
cates the hypothetical saturation point of nuclear matter.

in the case where the VMC energy is not optimal, the
AFDMC results are consistent within statistical errors.
We have included backflow correlations in �(R,S), as
commonly done in liquid atomic 3He[50, 51] and the elec-
tron gas[52], where it is motivated by the repulsive part of
the two-body potential. We have checked that backflow
correlations produce the same AFDMC energies within
statistical error bars.

As is clear from Fig. 1, the two di↵erent Argonne NN
potentials give quite di↵erent results, in particular dif-
ferent saturation densities. This is due to the fact that
the AV60 and AV70 interactions have di↵erent nucleon-
nucleon phase shifts [36]. In any case, comparing with
the energy at ⇢=0.16 fm�3 extracted from heavy nuclei,
(in the figure the blue diamond correspond to the satura-
tion point), it is clear that both NN Hamiltonians under-
bind nuclear matter. This is consistent with the results of
16O and 40Ca shown in table II. The spin/isospin struc-
ture of Argonne AV70 is the same as local chiral forces of
Ref. [25]; their implementation in the AFDMC method
is straightforward. Some preliminary calculations show
that, using N2LO with di↵erent cuto↵s, the spread of the
energy of nuclear matter is similar to the di↵erence be-
tween AV60 and AV70. A detailed analysis of the EOS
calculated using chiral forces will be the performed in a
future work.

We have calculated the energy of isospin-asymmetric
nuclear matter at ⇢=0.16 fm�3 using the AV60 interac-
tion. We performed simulations using di↵erent combi-
nations of neutrons and protons, listed in Fig. 2, filling
closed shells of the discretised momentum. Corrections
for the finite size e↵ects due to the interaction are in-
cluded as described in [37]. In order to alleviate finite size
e↵ects arising from the kinetic energy, we have corrected
the AFDMC energies by subtracting from the AFDMC
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FIG. 2. (color online) Energy per nucleon of isospin asym-
metric nuclear matter calculated using AV60 potential as a
function of the proton concentration. Green squares repre-
sent the AFDMC results and red circles the ones in which
finite size corrections are included. The numbers in parenthe-
sis indicate the number of protons and neutrons considered in
the simulations.

results the term

�E(⇢) = E0(Nn, Np, ⇢)� EFG(p, ⇢) . (4)

In the previous equation, E0 is the energy of non-
interacting Nn neutrons and Np protons in the same sim-
ulation box and EFG is the energy in the thermodynamic
limit at the same isospin polarization, i.e. EFG(p, ⇢) =
EFG(⇢)((1+p)5/3+(1�p)5/3)/2. This strategy has been
successfully applied to study strongly interacting polar-
ized Fermi liquids [53–55].
From Fig. 2 we see that our results agree with the

quadratic behavior of the energy as a function of the
isospin-asymmetry obtained by simply interpolating the
results for x = 0 (pure neutron matter) and x = 0.5
(symmetric nuclear matter). We do not expect that us-
ing the AV70 interaction the quadratic behavior of the
energy as a function of the asymmetry would change.
However, pairing correlations might play an important
role, especially at lower densities, and will be included
and addressed in future works. It will be interesting to
see if the inclusion of superfluid pairing alters these re-
sults.
Clearly it is important to include three-nucleon inter-

actions in AFDMC. For pure neutron systems, three-
body forces can be included exactly in the propagator
because the spin/isospin operators reduce to a quadratic
form in the spin [37]. In the case of nuclei and nuclear
matter, the full three-body force cannot yet be included
in the propagator. However, it is possible to use a simpli-
fied form of the three-body force compatible with stan-
dard AFDMC and calculate the di↵erence from the full
three-body potential as a perturbation. This strategy
has been extensively tested in GFMC calculations [39].
Another approach consists in reducing the three-body
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the energy at ⇢=0.16 fm�3 extracted from heavy nuclei,
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tion point), it is clear that both NN Hamiltonians under-
bind nuclear matter. This is consistent with the results of
16O and 40Ca shown in table II. The spin/isospin struc-
ture of Argonne AV70 is the same as local chiral forces of
Ref. [25]; their implementation in the AFDMC method
is straightforward. Some preliminary calculations show
that, using N2LO with di↵erent cuto↵s, the spread of the
energy of nuclear matter is similar to the di↵erence be-
tween AV60 and AV70. A detailed analysis of the EOS
calculated using chiral forces will be the performed in a
future work.

We have calculated the energy of isospin-asymmetric
nuclear matter at ⇢=0.16 fm�3 using the AV60 interac-
tion. We performed simulations using di↵erent combi-
nations of neutrons and protons, listed in Fig. 2, filling
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results the term

�E(⇢) = E0(Nn, Np, ⇢)� EFG(p, ⇢) . (4)

In the previous equation, E0 is the energy of non-
interacting Nn neutrons and Np protons in the same sim-
ulation box and EFG is the energy in the thermodynamic
limit at the same isospin polarization, i.e. EFG(p, ⇢) =
EFG(⇢)((1+p)5/3+(1�p)5/3)/2. This strategy has been
successfully applied to study strongly interacting polar-
ized Fermi liquids [53–55].

From Fig. 2 we see that our results agree with the
quadratic behavior of the energy as a function of the
isospin-asymmetry obtained by simply interpolating the
results for x = 0 (pure neutron matter) and x = 0.5
(symmetric nuclear matter). We do not expect that us-
ing the AV70 interaction the quadratic behavior of the
energy as a function of the asymmetry would change.
However, pairing correlations might play an important
role, especially at lower densities, and will be included
and addressed in future works. It will be interesting to
see if the inclusion of superfluid pairing alters these re-
sults.

Clearly it is important to include three-nucleon inter-
actions in AFDMC. For pure neutron systems, three-
body forces can be included exactly in the propagator
because the spin/isospin operators reduce to a quadratic
form in the spin [37]. In the case of nuclei and nuclear
matter, the full three-body force cannot yet be included
in the propagator. However, it is possible to use a simpli-
fied form of the three-body force compatible with stan-
dard AFDMC and calculate the di↵erence from the full
three-body potential as a perturbation. This strategy
has been extensively tested in GFMC calculations [39].
Another approach consists in reducing the three-body

Nuclear	   MaPer	   with	   two	   different	   NN	  
interac/ons.	   Calcula/ons	   used	   up	   to	   114	  
nucleons	  in	  periodic	  boundary	  condi/ons.	  

Energy	  versus	  proton	  frac/on,	  from	  pure	  neutron	  maPer	  (le{)	  to	  
N=Z	  nuclear	  maPter	   (right).	  Numbers	   of	   protons	   and	  neutrons	   are	  
shown	  in	  parantheses.	   49
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FIG. 34 Predicted neutron-star masses plotted as a function
of stellar radius (Gandolfi et al., 2012, 2014). Di↵erent EoS
are considered: those obtained with the AV80 NN (red curve)
and with the UIX 3N interactions (black solid line) presented
in Sec. VI.A. The two green and blue bands show the results
obtained using di↵erent 3N forces constrained to have a par-
ticular value of the symmetry energy (indicate by numbers
near the bands and curves).

e↵ects and the contribution of higher-order many-body
forces. However in the regime of densities considered,
these e↵ects can probably be neglected. First, the rel-
ativistic e↵ects have been previously studied in Akmal
et al. (1998), where it has been shown that the density
dependence of such e↵ects has roughly the same behav-
ior as the short-range part of the three-body force, i.e.,
that they can be incorporated in its short-range part.
Second, the four-body force contributions should be sup-
pressed relative to the three-body force for densities up
to 2-3⇢0. Within �EFT this assumption can be justified
at nuclear density by the high precision fits to light-nuclei
obtained with only three-body forces (Epelbaum et al.,
2009). For phenomenological interactions, the contribu-
tion of the two-body potential energy is much larger than
that of the three-body, and the four-body is then ex-
pected to be much smaller than the three-body in dense
matter (Akmal et al., 1998).

2. Neutron star structure

While real neutron stars are very complicated ob-
jects, their main global properties can usually be well-
approximated by considering simple idealized models
consisting of a perfect fluid in hydrostatic equilibrium.
If rotation can be neglected to a first approximation (as
is the case for the spin rates of most currently-known pul-
sars) then the model can be taken to be spherical and its
structure obtained by solving the Tolman-Oppenheimer-
Volko↵ (TOV) equations (Oppenheimer and Volko↵,
1939), enabling one to calculate, for example, the stellar

mass as a function of radius or of central density. Using
the energy density ✏(⇢) defined as

✏(⇢) = ⇢[E(⇢) +mnc
2] , (152)

where mn is the mass of neutron, and the pressure P (⇢)
at zero temperature is given by

P (⇢) = ⇢2
@E(⇢)

@⇢
, (153)

as inputs, the neutron star model is evaluated by inte-
grating the TOV equations:

dP

dr
= �G[m(r) + 4⇡r3P/c2][✏+ P/c2]

r[r � 2Gm(r)/c2]
, (154)

dm(r)

dr
= 4⇡✏r2 . (155)

Here m(r) is the gravitational mass enclosed within a ra-
dius r, and G is the gravitational constant. The solution
of the TOV equations for a given central density gives
the profiles of ⇢, ✏ and P as functions of radius r, and
also the total radius R and mass M = m(R), with R de-
fined as the distance where the pressure P drops to zero.
A sequence of models can be generated by specifying a
succession of values for the central density. In Fig. 34 the
mass M (measured in solar masses M�) as a function of
the radius R (measured in km) is showed, as obtained
from AFDMC calculations using di↵erent prescriptions
for the EoS presented in the previous sections.
It is interesting to make a comparison between these

results so as to see the changes caused by introduction
of the various di↵erent features in the Hamiltonian. An
objective of this type of work is to attempt to constrain
microphysical models for neutron-star matter by mak-
ing comparison with astronomical observations. This
has become possible in the last few years, as discussed
for example in Steiner et al. (2010), Ozel et al. (2010),
Steiner and Gandolfi (2012) and Steiner et al. (2015).
Further progress is anticipated within the next few years
if gravitational waves from neutron star mergers can be
detected. The most recently observed maximum neutron
star masses are 1.97(2) M� (Demorest et al., 2010) and
2.01(4) M� (Antoniadis et al., 2013). These observations
put the most severe constraints on the EoS, although the
precise hadronic composition is still undetermined.

B. Inhomogeneous Neutron Matter

While the mass and radius of a neutron star depend
primarily on the equation of state of neutron matter,
the inner crust of the star contains inhomogeneous neu-
tron matter immersed between very neutron-rich nu-
clei (Brown and Cumming, 2009; Ravenhall et al., 1983;

Neutron	  Star	  Mass-‐Radius	  rela/ons	  for	  NN	  interac/ons	  alone	  (red	  line)	  and	  for	  different	  three-‐nucleon	  interac/ons	  


