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Examples of emergent behavior: biology



Examples of emergent behavior: materials



Descriptions of emergent behavior

In philosophy, systems theory and the sciences, 
emergence refers to the way complex systems and 
patterns arise out of a multiplicity of relatively simple 
interactions. Emergence is central to the theory of 
complex systems. reference: emergence on http://en.wikipedia.org

http://en.wikipedia.org
http://en.wikipedia.org


Why study the nanoscale: e.g. cuprates

Atomic scale quantum 
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Strong electron correlation /
competing interactions

Thermodynamic limit

≈ µm

≈ nm

Formation of Cooper pairs

Nanoscale inhomogeneities

Vortex pinning



Nanoscience: inherently difficult but interesting

Atomistic description

Limit of large numbers
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Mean field

Continuum description

Quantum behavior and
strong quantum correlaitons

Thermodynamics

Crossover from strong 
to weak correlations

Importance of temporal and 
compositional fluctuations

no canonical “language”



Experiment, experiment, experiment



Experiment, experiment, experiment
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Traditional role of theory
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2. Analyze its properties

3. Discuss the physics - speculate about the parts that 
    cannot be solved 
    (eg. superconductivity in the Hubbard model)



New methods + powerful computers

Systematic numerical solutions demonstrate
that Hubbard model indeed describe d-wave
pairing and superconductivity

Maier, Jarrell, Schulthess, Kent, and White, Phys. Rev. Lett. 95, 237001 (2005)

Cray X1/X1E @ NCCS



Now that the 2D Hubbard model can be solved ...

• Study the mechanism responsible for 
pairing in the model

- Analyze the particle-particle vertex

- Pairing is mediated by spin fluctuations
Maier, Jarrell, and Scalapino, 
Phys. Rev. Lett. 96 47005 (2006)

• Spin susceptibility representation of 
pairing interactions

- test this for of pairing interaction with neutron scattering and ARPES measurments

- Maier et al., Phys. Rev. B 75, 134519 (2007); ibid 75, 144516 (2007)

• Relative importance of spin-fluctuations and resonant valence bond 
mechanism

- Maier et al., Phys. Rev. Lett. in press, arXiv:0801.4506 

‣ Spin fluctuation “Glue”

22 JUNE 2007 VOL 316 SCIENCE www.sciencemag.org1706
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binding? The possibilities are either “dynamic
screening” or a mechanism suggested by
Pitaevskii (13) and by Brueckner et al. (14) of
putting the electron pairs in an anisotropic
wave function (such as a d-wave), which van-
ishes at the repulsive core of the Coulomb
interaction. In either case, the paired electrons
are seldom or never in the same place at the
same time. Dynamic screening is found
in conventional superconductors, and the
anisotropic wave functions are found in the
high-T

c
cuprates and many other unconven-

tional superconductors. 
In the case of dynamic screening, the

Coulomb interaction e2/r (where e is the elec-
tron charge and r is the distance between
charges) is suppressed by the dielectric con-
stant of other electrons and ions. The plasma
of other electrons damps away the long-range
1/r behavior and leaves a screened
core, e2 exp(–κr)/r (where κ is
the screening constant), that acts
instantaneously, for practical pur-
poses, and is still very repulsive.
By taking the Fourier transform of
the interaction in both space and
time, we obtain a potential energy
V, which is a function of frequency
ω and wavenumber q; the screened
Coulombic core, for instance,
transforms to V

s
= e2/(q2 + κ2) and

is independent of frequency. This
interaction must then be screened
by the dielectric constant ε

ph
be-

cause of polarization of the
phonons, leading to a final expres-
sion V = e2/[(q2 +κ2)ε

ph
(q, ω)]. This

dielectric constant is different from
1 only near the lower frequencies of the
phonons. It screens out much of the Coulomb
repulsion, but “overscreening” doesn’t hap-
pen: When we get to the very low frequency
of the energy gap, V is still repulsive.

Instead of accounting for the interaction
as a whole, the Eliashberg picture treats only
the phonon contribution formally, replacing
the high-frequency part of the potential with a
single parameter. But the dielectric descrip-
tion more completely clarifies the physics,
and in particular it brings out the limitations
on the magnitude of the interaction. That is, it
makes clear that the attractive phonon inter-
action, characterized by a dimensionless
parameter λ, may never be much bigger,
and is normally smaller, than the screened
Coulomb repulsion, characterized by a
parameter µ (11). The net interaction is thus
repulsive even in the phonon case. 

How then do we ever get bound pairs, if the
interaction is never attractive? This occurs
because of the difference in frequency scales

of the two pieces of the interaction. The two
electrons about to form a pair can avoid each
other (and thus weaken the repulsion) by mod-
ifying the high-energy parts of their relative
wave function; thus, at the low energies of
phonons, the effective repulsive potential
becomes weaker. In language that became
familiar in the days of quantum electrodynam-
ics, we can say that the repulsive parameter µ
can be renormalized to an effective potential
or “pseudopotential” µ*. The effective inter-
action is then –(λ – µ*), which is less than
zero, hence attractive and pair-forming. One
could say that superconductivity results from
the bosonic interaction via phonons; but it is
equally valid to say instead that it results
from the renormalization that gives us the
pseudopotential µ* rather than µ. This does
not appear in an Eliashberg analysis; it is just

the type of correction ignored in this analysis. 
The above is an instructive example to

show that the Eliashberg theory is by no
means a formalism that universally demon-
strates the nature of the pairing interaction; it
is merely a convenient effective theory of any
portion of the interaction that comes from
low-frequency bosons. There is no reason to
believe that this framework is appropriate to
describe a system where the pairing depends
on entirely different physics. 

Such a system occurs in the cuprate super-
conductors. The key difference from the clas-
sic superconductors, which are polyelectronic
metals, is that the relevant electrons are in a
single antibonding band that may be built up
from linear sums of local functions of x2-y2

symmetry, with a band energy that is bounded
at both high and low energies. In such a band
the ladder-sum renormalization of the local
Coulomb repulsion, leading to the pseudopo-
tential µ*, simply does not work, because the
interaction is bigger than the energy width of

the band. This is why the Hubbard repulsion U
between two electrons on the same atom
(which is the number we use in this case to
characterize the repulsion) is all-important in
this band. This fact is confirmed by the Mott
insulator character of the undoped cuprate,
which is an antiferromagnetic insulator with a
gap of 2 eV, giving us a lower limit for U. 

But effects of U are not at all confined to
the cuprates with small doping. In low-energy
wave functions of the doped system, the elec-
trons simply avoid being on the same site. As
a consequence, the electrons scatter each
other very strongly (15) and most of the broad
structure in the electrons’ energy distribution
functions (as measured by angle-resolved
photoelectron spectroscopy) is caused by U.
This structure may naïvely be described by
coupling to a broad spectrum of bosonic
modes (4), but they don’t help with pair bind-
ing. U is a simple particle-particle interaction
with no low-frequency dynamics. 

A second consequence of U is the appear-
ance of a large antiferromagnetic exchange
coupling J, which attracts electrons of oppo-
site spins to be on neighboring sites. This is
the result of states of very high energy, and
the corresponding interaction has only high-
frequency dynamics, so it is unrelated to a
“glue.” There is a common misapprehension
that it has some relation to low-frequency
spin fluctuations (16, 17), but that is incor-
rect, as low-frequency spin interactions
between band electrons are rigorously ferro-
magnetic in sign. One can hardly deny the
presence of J given that it has so many exper-
imental consequences. 

In order to avoid the repulsive potential
these systems are described by the alternative
Pitaevskii-Brueckner-Anderson scheme with
pairing orthogonal to the local potential. Two
such pairings exist, d-wave and “extended s-
wave,” but only one appears as a supercon-
ducting gap; the extended s-wave is unsuitable
for a gap and acts as a conventional self-
energy (18). The specific feature of the low-
dimensional square copper lattice that is
uniquely favorable to high T

c
is the existence

of the two independent channels for pairing
(18). Because of the large magnitude of J, the
pairing can be very strong, but only a fraction
of this pairing energy shows up as a supercon-
ducting T

c
, for various rather complicated but

well-understood reasons. 
The crucial point is that there are two

very strong interactions, U (>2 eV) and J
(~0.12 eV), that we know are present in the
cuprates, both a priori and because of incon-
trovertible experimental evidence. Neither is
properly described by a bosonic glue, and
between the two it is easy to account for the

“We have a mammoth and an elephant in our refrigerator—
do we care much if there is also a mouse?”
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P.W. Anderson, Science 316, 1705 (2007):
“We have a mammoth (U) and an elephant (J) in our refrigerator - do we 
care much if there is also a mouse?”

see also http://www.sciencemag.org/cgi/eletters/316/5832/1705
“Scalapino is not a glue-sniffer”

3/2Ū2χ(q, ω)

http://www.sciencemag.org/cgi/eletters/316/5832/1705
http://www.sciencemag.org/cgi/eletters/316/5832/1705


• Neutron scattering (later in this talk)

• Synchrotron (eg. ARPES)

• Scanning probes

Staggering new experimental capabilities
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Bi-2212 therefore shows a tendency towards checkerboard elec-
tronic modulations when HTSC is suppressed. However, it is
unclear whether these checkerboard modulations in Bi-2212 rep-
resent a true electronic phase, because they exhibit2–4 (1) a variety of
doping-dependent incommensurate wavevectors, (2) very weak
intensities, and (3) short (,8 nm) correlation lengths within the
nanoscale disorder4–7. Furthermore, their atomic-scale spatial and
energetic structures are unknown, presumably because of disorder4–7

and/or thermal energy smearing DE < 3.5kBT < 30meV at
T < 100K (ref. 3).
To search for electronic order hidden in the pseudogap while

avoiding these uncertainties, we decided to study a simpler and less
disordered copper oxide at lower doping and temperature.We chose
Ca22xNaxCuO2Cl2 (Na-CCOC), a material whose parent com-
pound Ca2CuO2Cl2 is a canonical Mott insulator8. Within its
undistorted tetragonal crystal structure (Fig. 1b), all the CuO2

planes are crystallographically identical. Sodium substitution for
Ca destroys the Mott insulator state, producing first a nodal metal9

in the zero-temperature pseudogap (ZTPG) regime, and eventually
HTSC for x $ 0.10 (refs 10, 11). Crucially, Na-CCOC is easily
cleavable between CaCl layers to reveal an excellent surface. Initial
STM studies showed clean, flat CaCl surfaces (with traces of
nanoscale electronic self-organization) which exhibit a V-shaped
spectral gap for jEj , ,100meV (ref. 12).
Our studies used Ca22xNaxCuO2Cl2 samples with Na concen-

trations x ¼ 0.08, 0.10, and 0.12 and bulk Tc < 0, 15 and 20K
respectively. Atomically flat surfaces are obtained by cleaving below
20K in the cryogenic ultrahigh vacuum of a dilution refrigerator.

Figure 1d shows a typical topographic image of the CaCl plane with
inset showing the quality of atomic resolution achieved throughout.
These surfaces exhibit a perfect square lattice, without discernible
crystal distortion or surface reconstruction, and with lattice con-
stant a0 in agreement with X-ray diffraction (3.85 Å).

To image the electronic states in Na-CCOC, we use spatial- and
energy-resolved differential tunnelling conductance, g(r, E ¼ eV s),
measurements from STM. For a strongly correlated system such as a
lightly doped Mott insulator, g(r, E) is proportional to the momen-
tum-space integrated spectral function at r (ref. 13), rather than
LDOS(r, E). Nevertheless, g(r, E) measurements remain a powerful
tool for determining atomic-scale spatial rearrangements of elec-
tronic structure.

The properties of g(r, E) should be determined primarily by states
in the CuO2 plane because the CaCl layers are strongly insulating. In
support of this, we find thatmissing surface atoms (arrow in Fig. 1d)
do not affect g(r, E). A typical spatially averaged spectrum kg(r, E)l
for x ¼ 0.12 is shown in black in Fig. 1c. The high energy
conductance for electron extraction is ,5 times greater than that
for injection and this ratio grows rapidly with falling doping
(Supplementary Fig. 1). Such strong bias asymmetries in conduc-
tance have long been anticipated. This is because, in a lightly hole-
doped Mott insulator, the reservoir of states from which electrons
can be extracted at negative sample bias is determined by 1 2 p,
while that of hole-states into which electrons can be injected at
positive sample bias is determined by p, where p is the number of
holes per CuO2.

For jEj , 100meV, a slightly skewed V-shaped gap, reaching very

Figure 1 Atomic-scale explorations of electronic states in Ca22xNaxCuO2Cl2. a, A
schematic phase diagram of hole-doped copper-oxides showing the Mott insulator, high-

T c superconductor (HTSC) and metallic phases along with the ‘pseudogap’ regime and

the ZTPG line. b, Crystal structure of Ca22xNaxCuO2Cl2. Red, orange, blue and green

spheres represent Ca(Na), Cu, O and Cl atoms, respectively. Conducting CuO2 planes are

sandwiched by insulating CaCl layers. c, A characteristic spatially averaged tunnelling

conductance spectrum of x ¼ 0.12 Na-CCOC. The large particle–hole asymmetry in

conductance at high energies can be associated with the light doping of a Mott insulator

(see text). At low energies a skewed V-shaped gap exists. At energies below ,10meV,

changes occur in the spectra of superconducting samples (see Supplementary Fig. 5).

The spectrum measured on equivalently underdoped Bi-2212 is shown in blue. d, High-
resolution STM topograph of the cleaved CaCl plane of a crystal with x ¼ 0.10. The

perfect square lattice, without discernible bulk or surface crystal reconstructions, is seen.

The image was taken at a junction resistance of 4 GQ and sample bias voltage

V s ¼ þ200mV. e, The conductance map g(r, E) at E ¼ þ24meV in the field of view of

d. It reveals strong modulations with a 4a 0 £ 4a 0 commensurate periodicity plus equally

intense modulations at 4a 0/3 £ 4a 0/3 and strong modulations at a 0 £ a 0. All data in

this paper are acquired near T ¼ 100mK in a dilution refrigerator-based scanning

tunnelling microscope.
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Intelastic neutron scattering experiments at SNS
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Measured intensity as function of momentum 
transfer (Q) and energy transfer (E)
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Cobaltate (Ca3Co4O9) on ARCS: Ei = 48 meV
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Elastic and inelastic scattering

Elastic scattering/diffraction
- Usually probe structure
- Interpretation straightforward

X-Ray

Electron

Neutron Inelastic scattering
- Probe dynamic response / pro-
  perties / functionality
- Interpretation highly nontrivial
  requiring heavy theory / 
  modeling / simulations
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Theory + computing
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Join experiment, theory, and
computing
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